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ise Pressure Studies in Rarefied Supersonic 


Flows 


L. L. KAVANAU?t 
Lockheed Aircraft Corporation 


SUMMARY 


Base pressures were measured on a simple cone-cylinder con- 
figuration over a range of Mach Number -V/ and Reynolds Num- 
ber Re; (based on model length): 159 < Re, < 800 for M 2 
and 920 < Re, < 7400 for t. These data extend into the 
slip flow regime since the rarefaction parameter M/+/Ré 
roughly equal to the ratio of mean free path to boundary-layer 
thickness) covered the range 0.05 ; M VRe < 0.15 The 
final results indicated that the base pressure decreased with de 
creasing Reynolds Number and increasing Mach Number which 
was attributed to the completely laminar character of the 
boundary-layer and critical wake region 

Preliminary tests showed a considerable variation of pressure 
existing over the base area, thus requiring an area-mean deter- 
mination of the base pressure for every flow condition. Investi 
gations were made of support interference effects arising from 
the relative size of both the sting diameter and sting length as 
compared to the model diameter. Some effects due to heat 
transfer were also studied. Supplementary pressure distribu 
tions were taken on the model surface upstream of the base and 
in the wake at one Mach and Reynolds Number which was chat 
acteristic of this flow regime The base pressure coc fficient in 
free molecule flow is calculated for comparison purposes. A 
discussion is presented of these results together with experi 


mental and theoretical works of other investigators 


SYMBOLS 


speed of sound 

local skin-friction coefficient 

outside diameter of sting support 

model diameter 

distance from model base to disturbance cone 


model length 


Presented at the Aerodynamics—1 Session, Twenty-Third 
Annual Meeting, IAS, New York, January 24-27, 1955 

*This work was carried out at the University of California 
(Berkeley) and is extracted from a dissertation submitted in 
partial satisfaction of the requirements for the Ph.D. degree 
The author is indebted to Professor Samuel Schaaf for enc yurage- 


free-stream Mach Number 

“of the order of magnitude of”’ 

free-stream pressure 

measured local model surface or wake pressure 

free-stream pressure at position where is measured 

local pressure Coe flicient 

local base pressure coefficient corrected for sting in 
terference 

area-inean base pressure coef nt corrected for 
sting interference 

Prandtl Number 

radia] location of pressure orific« 

radius of model = D/2 

free-stream Reynolds Number based on / 

free-stream Reynolds Number based on D 

molecular speed ratio for incident molecul 

molecular speed ratio for reflected molecules 

free-stream absolute temperature 

equilibrium absolute temperature of an 
model 

model absolute temperature 

stagnation absolute temperature 

arbitrary velocity variable 

slip velocity 

free-stream velocity 

axial distance 

distance from surface along the outward normal 

distance downstream from model nos¢ 

ratio of specific heats (1.40 for air 

boundary-layer thickness at the model bas« 

coefficient of slip 

molecular mean free path 

absolute viscosity 

proportionality constant, Eq 

gas density 

temperature coefficient = 

stream function 


viscosity exponent 


INTRODUCTION 
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the air at supersonic speeds stems from the sizable con 
tributions which the under pressure acting on the base 
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(base drag) can make toward the total drag of slender 
bodies. The analysis of this problem remains one of 
the most elusive in fluid mechanics. 


Until recent years, studies of the under pressure at the 
base of projectiles were made considering only the 
inviscid influence of Mach Number'~ and these results 
turned out to be, at best, not too satisfactory. The 
shortcomings of these original efforts were shown by 
Cope® and Chapman,’ who illustrated the role that vis- 
cosity plays in this problem by studying the effects of 
Reynolds Number on the base pressure. From a study 
of the wake geometry by flow visualization, Cope was 
able to derive a semiempirical method for estimating 
the base drag of projectiles at different Mach Numbers, 
Reynolds Numbers, and types of boundary-layer flow. 
His method involves simultaneously solving for the 
“uniform’’ wake pressure (base pressure) between the 
base and the origin of the trailing shock wave from the 
inviscid flow external to the wake and from the model 
boundary-layer flow feeding the wake. Chapman gave 
careful consideration to possible inviscid supersonic 
solutions to the wake flow arriving at essentially the 
same conclusion as has been found for subsonic wake 
i.e., that without viscosity the solution is inde- 
terminate. He then discovered that data from various 
bodies of revolution at constant Mach Number could 
be correlated with the ratio of boundary-layer thickness 
This correlation was 


flows 


at the base to the base diameter. 


also applied satisfactorily to blunt  trailing-edge 
wings.’ Bogdonoff® has carried out experiments over a 


wide Reynolds Number range from 0.6 X 10° to 18 X 
10° for a simple cone-cylinder model at Mach Number 
2.95. He was able to study in more detail some of the 
Reynolds Number effects, first noted by Chapman, 
that occurred between the flows of fully laminar and 
fully turbulent model boundary layers; i.e., a rapid 
decrease in base pressure with increased Reynolds 
Number when a laminar boundary layer existed, fol- 
lowed by an increase in base pressure as the boundary 
layer at the rear of the model becomes turbulent and 
then a slow but steady decrease in the base pressure as 
transition moves forward on the model. 


Aside from the empirical type of analysis already 
discussed, there had been no theoretical treatments of 
this problem until Crocco and Lees” offered their mix- 
ing theory and applied it to study the base pressure 
occurring on a blunt trailing-edge airfoil. The founda- 
tion of their theory rests on the mixing between the 
outer nearly isentropic stream and the internal dissipa- 
tive wake flow (increased mixing allowing a greater rise 
hence a lower base pressure). By means of this theory, 
Crocco and Lees were able to describe qualitatively the 
various phenomena which have been noted by Chap- 
man and Bogdonoff. One significant property of their 
solution concerns the existence of a “‘critical point’”’ in 
the differential equation which governs the dissipative 
wake flow for the supersonic case. This “critical point” 
occurs in the vicinity of the narrowest portion of the 


wake and the origin of the trailing shock wave (see 
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Fig. 1) and has the characteristic that disturbances 
downstream are unable to affect the flow upstream 
much like the action of the throat in a de Laval nozg\e 
According to their theory, the rapid rise in base pres 
sure with decreasing Reynolds Number occurs whe 
the transition point between laminar and _ turbulent 
flow moves downstream in the region between the bay 
and the critical point (called the critical wake region 
This results directly from the difference betwee 
laminar and turbulent mixing rates (turbulent mixing 
rates being five to ten times laminar rates at the same 
Reynolds Number). Then, as transition moves down. 
stream of the critical point, completely laminar flow js 
obtained since the model boundary layer and the wake 
region affecting the model are laminar. In this com- 
pletely laminar flow regime, the base pressure decreases 
with decreasing Reynolds Number which reflects the 
increased laminar mixing rate. Thus, a maximum 
base pressure results between these two flow regimes 
Such a maximum has been measured experimentally 
on a body of revolution'! giving added support to the 
Crocco-Lees theory if the general behavior of the axial 
symmetric base pressure behaves similarly to the plane 
case in this flow regime as it does at the higher Reynolds 
Numbers. '° 

The main purpose of the present paper is to describe 
the experimental procedures and results of a wind-tun- 
nel study of base pressures on a blunt-based body of 
revolution in rarefied supersonic flows. This investiga- 
tion was undertaken to learn something about the in- 
fluence that high altitude will have on base pressures. 
The increasingly rarefied atmosphere encountered with 
altitude reduces the Reynolds Number so that a pro- 
jectile 10 ft. long traveling at Mach 3, for example, will 
enter the completely laminar flow regime (taken to be 
approximately Re, < 10°) when it reaches an altitude of 
about 33 miles, as may be seen in Fig. 2. This figure 
presents free-stream Reynolds Number per ft. as a 
function of altitude in miles with Mach Number as the 
parameter and calculated from information given by 
Grimminger.'2 With higher altitudes, hence lower 
Reynolds Numbers, the base pressure will decrease 
steadily in this laminar flow regime since the effect of 
the increasing mixing rate is stronger than the opposing 
influence of increasing ratio of boundary-layer thick- 
ness to base diameter. The completely laminar flow 
regime will continue into lower Reynolds Numbers 
until the gas begins to lose its identity as a continuum 
and its coarse molecular structure must be considered. 
This will occur when the molecular mean free path of 
the gas is small but no longer negligible compared to 
characteristic dimensions of the flow. The type of 
flow occurring under these conditions is called “slip 
flow.’’ As the gas becomes more rarefied and the mo- 
lecular mean free path becomes large compared to the 
characteristic dimensions, interactions between mole- 
cules in the vicinity of the body become negligible and 
the flow is called ‘free molecule.” Tsien! has discussed 
the mechanics of a gas under these rarefied conditions 
and has suggested parameters to define approximate 
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BASE 
jimits for the different degrees of rarefaction. These 
are 
MV Re < 0.01 


0.01 < M/W Re < 1 
10 < M/Re 


continuum flow 


slip flow 
free molecule flow 


The transition from one flow to another is actually very 
gradual and not abrupt as these limits seem to indicate. 
On the basis of skin-friction't and heat-transfer" re- 
sults the inclusion of a one order of magnitude overlap 
would probably be more realistic. 

The present base pressure experiments cover a range 
of Mach and Reynolds Numbers: 159 < Re, < 800 
for M = 2 and 920 < Re, < 7400 for MW = 4. Thus 
the rarefaction parameter lJ V Re, (roughly equal to 
the ratio of mean free path to boundary-layer thickness) 
ranges from 0.15 to 0.05 which puts these tests just 
within slip flow regime bordering on continuum. 
Over this range of variables, the hypothetical 10 ft. 
long projectile would be at altitudes between 51 and 67 


miles. 


EXPERIMENTAL PROGRAM 


This low density wind-tunnel study of base pressures 
was accomplished in essentially four phases. The first 
phase consisted of preliminary investigations into the 
general nature of the low Reynolds Number supersonic 
wake. The wake region was surveyed with impact and 
static probes, and the influence of various types of 
model supports was studied with the use of an ‘‘inter- 
ference free’’ wire-supported model. A rear-type sting 
support proved most favorable and a method to correct 
the base pressure measurements for its presence was 
established. During these preliminary tests, large 
variations of pressure over the base area were detected, 
thus requiring an area-mean determination of the base 
pressure. The second phase of the program involved a 
study of other influences on the base pressure such as 
sting length and heat transfer. The sting length re- 
quirement of the models at each combination of Mach 
and Reynolds Number was determined to gain knowl- 
edge of possible interference arising from the support 
system or from limitations of the tunnel test ‘‘rhom- 
bus.” The general effect of boundary-layer heat trans- 
fer was established and since a perfectly insulated model 
could not be attained for these tests, the cooling rates 
of the models were obtained so that pressures could be 
measured at prescribed model temperatures. The third 
phase dealt with instrumentation problems arising from 
the need to measure the model pressures with some 
reasonable degree of accuracy. To satisfy this need a 
precision thermistor manometer for use inside the tun- 
nel was developed, an investigation of thermal creep 
effects on the pressure readings was made, and the ef- 
fects of drift rate on the equilibrium readings of a slowly 
responding pressure measuring system were studied. 
The fourth and final phase consisted of quantitative 
measurement of base pressures on geometrically similar 
cone-cylinder models and also of model and wake pres- 
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sure distributions. The highlights of the first two 
phases will be described in later sections of this report 
together with detailed results of the final phase. 


EXPERIMENTAL EQUIPMENT, TECHNIQUES, AND 
PROCEDURES 


No. 3 Wind-Tunnel Facilities 


The No. 3 Wind Tunnel was located on the campus 
of the University of California at Berkeley for the study 
of fundamental problems in rarefied gas dynamics. It 
was a nonreturn type with an open jet test chamber and 
it operated continuously by means of a five-stage steam 
ejector vacuum system. The basic design and operat- 
ing characteristics of the tunnel are described in refer- 
ence 16 while more recent developments of nozzle de- 
sign and instrumentation will be referenced in the fol- 
lowing paragraphs. This tunnel ceased operation in 
May, 1954, and is being incorporated into the new No. 
4 Wind Tunnel located at the University’s Engineering 
Field Station in Richmond, Calif. 

Three supersonic nozzles of axially symmetric design 
were used for the base pressure tests. One was of an 
obsolete design, fabricated from laminated plastic, and 
was used for preliminary studies with a model mounted 
with small wires in the test region. Only one operating 
condition was run (16.8 Ibs. air per hour) which cor- 
responded to J = 3.9 + 0.1 and a Reynolds Number 
of about 1,470 per in. The two other nozzles were 
suitable for quantitative experiments and were de 
signed for Mach Numbers near 2 and 4. These nozzles 
were both fabricated from aluminum. The Mach 2 
(No. 6) nozzle was designed by a method described in 
reference 17, and, at flow rates from 5.2 to 30 Ibs. of air 
per hour, the Mach Number ranged from 1.92 to 2.21 
due to changes in the boundary-layer displacement 
thickness on the nozzle wall, while the Reynolds Num- 
ber went from 157 to 780 per in. Flow in the “‘test 
rhombus” varied from about +4 to +2.5 per cent in 
Mach Number. The Mach 4 (No. 8) nozzle repre- 
sents the most recent development in the design of axi- 
symmetrical nozzles with thick boundary layers. The 
design method and resulting performance of this noz- 
zle are presented in reference 18. For flow rates from 
5.2—26 Ibs. of air per hour, the Mach Number ranged 
from 3.68 to 4.12 while the Reynolds Number went from 
about 910 to 3,700 per in., with a maximum nonuni- 
formity in the test region of +0.5 per cent in Mach 
Number. 

The test chamber of the tunnel was fitted with a 
traverse mechanism! possessing translational motion in 
three mutually perpendicular directions. Upon the 
head of this traverse system was installed an eight- 
place rotary probe selector!’ which enabled up to eight 
models or probes to be mounted in the tunnel at one 
time. The octagonal disc upon which the models 
were mounted could be rotated in a plane normal to 
the nozzle axis—thus any particular model could be 
rotated to the one position which provided a leak-proof 
channel between the model and the pressure line to the 
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manometers outside the tunnel. 
the precision thermistor manometer development for 


In conjunction with 


the measurement of base pressures, and additional leak- 
proof channel and valving system was provided on the 
rotating selector to lead the model pressure directly to 
this manometer which was mounted on the selector 
frame (see Fig. 3). This modification to the rotary 
probe selector enabled up to eight models to have their 
pressure measured by the pressure instruments outside 
the tunnel or by the thermistor manometer inside the 
tunnel. Once a model was rotated to the desired pres- 
sure port, it was then moved by the traverse mechanism 
to the correct position in the nozzle test section. 

The base pressure test operations utilized all the 
tunnel pressure instrumentation then available for 
quantitative measurements. Besides the precision 
thermistor manometer inside the tunnel which was 
used for quantitative base pressure measurements 
there was, mounted outside the tunnel, a 24-in. oil 
manometer used to measure stagnation pressures for 
the high flow rates of the No. 8 nozzle, a 10-in. oil 
manometer” used for measuring stagnation and impact 
pressures, and a 0 to 850 micron McLeod gage'® used to 
calibrate the precision thermistor manometer as well 
as the oil manometers. 

Temperature measurements taken throughout the 
tests included stagnation temperatures for every run 
and model temperatures during the initial test runs 
where time-temperature histories of the models were ob- 
tained. All temperatures were measured with Iron- 
Constantan thermocouples by a 0 to 2 millivolt Leeds- 
Northrup strip chart recorder. Absolute temperature 
measurements were referenced to the temperature of 
ice water (32.0°F). 


Auxiliary Equipment and Techniques 


Pressure Instrumentation.—Western Electric thermis- 
tor manometers*! model D176255 were used for the 
measurement of model pressures in all the experiments. 
This pressure gage satisfied most of the requirements 
for the three different types of installations—1.e., wire- 
supported model, variable sting length apparatus, and 
sting-supported models mounted on the rotary probe 
selector. 

The latter type of installation, pictured in Fig. 3, was 
used for the quantitative measurement of base pres- 
sures and required a special program for the develop- 
ment of a precision manometer using the basic thermis- 
tor elements supplied by Western Electric. A descrip- 
tion of this precision thermistor manometer as well as 
the calibration techniques and results used for these 
experiments is given in reference 22. 

Wire Model Support.—One of the special pieces of 
equipment used in this base pressure study was a 0.600 
in. O.D. model supported on the axis of the No. 3 
nozzle by means of six small wires (0.003 in. diameter). 
It was believed that complete freedom from support in- 
terference was obtained with this installation because 
the molecular mean free path of the gas was about the 
same order of magnitude as the wire diameter while 
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still small compared to characteristic model dimensions 
A photograph of this wire-supported model in the nop. 
zle is shown in Fig. 4. 

Base pressures of this model were measured by , 
thermistor manometer whose measuring element wes 
installed inside the model while the reference element 
was mounted on the nozzle wall. This separation oj 
the thermistor elements put them at different tem. 
peratures since the reference element on the nozzle wal] 
was near ambient temperature and the measuring ele 
ment was at the model equilibrium temperature which 
This meant that the 
actual calibration was all the 
thermistor readings taken at the same tunnel operating 
conditions would be related to the same calibration, 

For measuring the pressure over the base of the wire. 


is somewhat below ambient. 


unknown, however 


supported model, five 0.0135 in. diameter holes were 
placed at various radial positions and plugged with 
vacuum wax. When the pressure at any one particular 
position was to be sampled that orifice was opened with 
a heated wire and then rewaxed after use. 

Variable Sting Length A pparatus.—Fig. 5 is a photo- 
graph of the apparatus which was built to study the 
influence of sting length on the base pressure. Differ- 
ent effective sting lengths were obtained by remote 
positioning of a disturbance cone assembled coaxially 
about the sting. Movement was produced by a direct 
mechanical connection from the traverse mechanism in 
the test section. An internal pressure lead connected 
the pressure from the sting to a thermistor manometer 
in the base of the apparatus. All the sting length tests 
were performed with disturbance cones having 60° 
apex angles and diameters 2.1 times the model diameter 


Models 


The models which were used throughout these tests 
can be grouped according to the results which they 
yielded—namely, base pressure models, surface pres- 
sure models, and wake pressure models. All the models 
were geometrically similar to those of references 9 and 
11—-i.e., 60° apex angle cone-cylinders with afterbodies 
2.50 calibers long, except for some surface pressure 
models with afterbodies 8.4 calibers long. All were fab- 
ricated from combinations of aluminum and brass and 
were slightly polished to about a 25-microinch finish. 
Support for the short models was from the rear by small 
diameter stings for all but the one model supported by 
wires. The stings and long afterbodies screwed onto 
Kovar metal fittings which were sealed to the end of the 

s-in. O.D. glass cross-stream supports. These sup- 
ports in turn were mounted on the rotary probe selector 
Fig. 3 shows a typical installation of base pressure 
models in the wind tunnel. 

The pressure distributions about the unyawed models 
were assumed symmetrical about its axis thus permit: 
ting the pressure to be measured through holes a 
ranged in a circle or by an annulus about the axis 4! 
prescribed positions. Pressures were manifolded and 
led through the sting and cross-stream support to the 
precision thermistor manometer attached to the rotary 
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TABLE lI. 


One model was used for each combination of 
A com- 


selector. 
model size, sting diameter, and orifice location. 
plete listing and dimensional description of all models 
used in these tests is given in Table 1. 


Procedure for Quantitative Experiments 


One problem which had to be considered before quan- 
titative measurements were made was the influence of 
heat transfer. It would have been most desirable, in 
this first study of base pressures at low Reynolds Num- 
bers, to have data from models which were not trans- 
ferring heat to the stream. This, however, was not 
completely possible because the poor convective heat- 
transfer properties of models at such low Reynolds 
Numbers, compared to the heat conducted through the 
supports, prevented the true adiabatic model tempera- 
ture from being reached. Not only did the reduction of 
connective heat transfer raise the equilibrium model 
temperature but it also increased the time required to 
reach that temperature. For the physical case, this 
temperature response time depended on the model con- 
figuration, Reynolds Number, and Mach Number. 
and, in many cases, came to be more than one hour. 

The procedure followed for the final base pressure 
experiments included two sets of experiments, one set 
for determining the time-temperature characteristics of 
all model configurations at the different operating 
conditions and another set for measuring the base pres- 
sure at a prescribed time for each model configuration 
and tunnel operating condition. This prescribed time 
for pressure measurement was determined so that the 
heat-transfer effects would influence the base pressure 
data in some orderly fashion. 

For the time temperature tests, the models were in- 
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Models; dimensional data 


strumented with thermocouples in the nose and at the 
base. The data from these runs indicated that the ef- 
fect of poor convection heat transfer from the model 
compared to good internal thermal conduction gave a 
reasonably isothermal boundary condition. An analy- 
sis of the time-temperature data together with pres- 
sure response data produced the compromise that pres 
sure measurement should be made when the tempera- 
ture coefficient « was equal to 0.93. The temperature 
coefficient being defined by o = (7, — 7)/(1) -— 1 
where 7’, is the model temperature, 7 is the free-stream 
temperature, and 7% is the stagnation temperature. 
For a completely insulated model in laminar flow ¢ 
becomes the overall temperature recovery factor equal 
to about Pr’? = 0.85 for air. 


EXPERIMENTAL RESULTS 
Support Interference—Sting Diameter Effects 


The wire-supported model was first used for ex- 
ploratory tests in the wake region. Effects on the base 
pressure of this model were measured when probes of 
various kinds were moved about in the wake. The re- 
sults were of a qualitative nature only, but provided 
considerable insight into the various phenomena 
One important study with this ‘interference 
free’ model dealt with the from other 
methods of support on the base pressure. Since the 


present. 
influences 


wire type of support could not be used for quantitative 
measurements, it was concluded from this study that 
the rear type of support provided the minimum inter 
ference. Hence, a more detailed program was under- 
taken to study the base pressure at various radial loca 
tions as a function of different sting diameters. Data 
were obtained by measuring the pressure at one loca 
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BASE PRESS( 
tion on the base when different dummy stings were 
placed mito position by the rotating selector on the 
traverst mechanism. This was repeated for the various 
orifice locations and the results are presented in Fig. 6 
as base pressure units versus the ratio of sting diameter 
to body diameter d/D with the orifice location in per 
cent of body radius r/7) as the parameter. These data 
showed that the pressure increased in proportion to the 
sting diameter although the proportionality constant 
was different depending on the orifice position. These 
lata also indicated that there was always an appreciable 
influence of the sting diameter even when relatively 
small stings were used. 

From this information, it was decided to try and ob 
tain the correct interference free base pressure for the 
quantitative experiments by measuring the pressure 
at the same position with two or more different sting 
diameters and then extrapolating the diameter effect to 


zero. 


Support Interference—Sting Length Effects 


The variable sting length apparatus was tested with 
the model and sting configurations which were con 
templated for use in the quantitative experiments. 
Each installation enabled the effects of varying the 
sting length on the base pressure to be studied for one 
model sting configuration at the different operating 
conditions of a nozzle. Data from a typical run are re- 
produced in Fig. 7. The accumulation of results from 
all such runs at the different Mach and Reynolds 
Numbers is presented in Fig. 8 as the critical sting 
length in calibers (//D),, versus the Reynolds Number 
based on model length Re, with Mach Number .\/ as 


the parameter. The critical sting length is defined to be 
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FIG 8 THE VARIATION OF CRITICAL STING LENGTH COEFFICIENT 
AT LOW REYNOLDS NUMBER 


the minimum sting length possible for obtaining a base 
pressure within 0.5 per cent of that obtained with an 
‘infinite’ length sting. It was found that the critical 
sting length did not change with orifice location; how 
ever, it was noticed that different sting diameters 
gave slightly different results— larger diameters giving 
slightly larger critical sting lengths. Also, the diam 
eter of the disturbance cone had an appreciable effect 
in contrast to results at higher Reynolds Numbers"! 
where this influence of disturbance size was not de- 
tected. Therefore, one disturbance size relative to the 
body diameter (see Fig. 7) was standardized for com 
paring the results at different Mach and Reynolds 
Numbers. 

Most of these sting lengths were run with the model 
base about 1 in. upstream of the nozzle exit plane. 
When the large model was tested in the Mach 2 nozzle 
only a slight variation was noticed in critical sting 
length with Reynolds Number thus indicating the 
presence of an extraneous interference which was taken 
to be the reflection of the bow shock from the nozzle 


wall. Unfortunately no flow visualization apparatus 
was available for checking such an interference. The 


position of the shock in the wake was not far from the 
critical sting length predicted by extending the data 
from the smaller models. The data for this case 
shown in Fig. 8 was finally obtained by moving the ap- 
paratus downstream so that the bow shock would re- 
flect from the free jet as an expansion fan rather than 
With this 


change in wave angle, the reflected bow shock seemed 


as a shock wave from the nozzle wall. 


to intercept the wake sufficiently far downstream to 
allow the data to be taken. 


Base Pressure Distribution 


Not only was the “interference free’ wire-supported 
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SUPPORTED MODEL AT M=3.9, Re_~ 2960 


model ideal for studying the support interference 
problem but it was able to produce data on the dis- 
tribution of pressure over the base without raising sus- 
picion as to the effect of the support on the distribution. 
The data taken while studying the effect of sting di- 
ameter for the case of no sting present are plotted in Fig. 
9 as base pressure units versus the orifice location in per 
cent of the body radius 7/7. The experimental data 
can conveniently be represented as a parabola, but 
probably more important is the large magnitude of the 
pressure change taking place from the outside corner 
where the boundary-layer flow enters the wake to the 
center of the base. These preliminary data indicated 
that an area-mean determination of the base pressure 
would be necessary, thus requiring pressure measure- 
ments at a number of radial locations for each Mach and 
Reynolds Number. It was for this reason, plus the 
necessity for evaluating the sting diameter effect at 
each location, that so many models had to be tested. 


Base Pressure Variation with Mach and Reynolds Number 


Quantitative base pressure measurements were taken 
with 20 separate models at ten different combinations 
of tunnel Mach and Reynolds Numbers. In the reduc- 
tion of these data a sting diameter interference correc- 
tion was applied and an area-mean base pressure was 
calculated. The data reduction procedure is discussed 
in detail in reference 22. 
form are plotted in Fig. 10 as the ratio of area-mean 
base pressure to the free-stream static pressure fp, /p 
versus Reynolds Number based on model length Re, 
with the free-stream Mach Number / as the pa- 
rameter. The nozzle Mach Number varied with its 
Reynolds Number because of the latter’s influence on 
the nozzle wall boundary-layer growth. 

It is evident from Fig. 10 that strong Mach and 


The final results in coefficient 
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Reynolds Number effects were present in the bas 
pressure results throughout the flow regime tested j; 
the No. 3 low density wind tunnel. A remarkabj 
resemblance exists between the response of the bag 
pressure and the critical sting length (see Fig. 8) to th 
variation of these parameters. Further comments oy 
these data will be made later in this report 


Surface Pressure Distribution 


Besides the base pressure measurements whose re 
sults have just been mentioned, some surface pressure 
measurements were obtained on the basic configuratio; 
and on an extended afterbody model. These wer 
made so that the effects of low Reynolds Numbers on 
the pressure distribution could be realized without to 
much conjecture. The results for both configurations 
are compared in Fig. 11 at a Mach Number of 2.20 and 
a Reynolds Number based on diameter of 480. 

The distribution on the long afterbody model followed 
the expected tendency toward an ogive distribution 
which was caused by the warping of the hypothetical 
inviscid flow boundary along the lines of the boundary 
layer displacement thickness. At the leading portions 
of this model there was undoubtedly an appreciabk 
interaction between the inviscid and viscous flows 
It is particularly interesting to note how slightly the 
surface pressure falls below the free-stream value 
maximum of 2 per cent at about 2.5 calibers) and ther 
rises to the free-stream value at about 6 calibers 
Downstream of about the 7 caliber position, the pres 


sure rises abnormally which is probably due to th 
influence of the reflected bow shock. 

The fore surface distribution on the base pressur 
configuration followed the long afterbody data closely 
up to the point where the upstream influence from the 
expansion around the model base was felt through the 
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BASE 


boundary layer. Downstream of this point, the pres- 
sure dropped rapidly toward the value of the base pres- 
sure around the corner. Whether or not all the expan- 
sion to the base pressure occurred in the boundary layer 
upstream of the base was not determined. 
Wake Pressure Distributions 

During the preliminary studies in the wake region 
with the wire-supported model, a static pressure survey 
Jong the cemterline of the wake was made by measur- 
ing the pressure on a very long slender (d/D 0.067 ) 
static probe. These data, shown in Fig. 12, indicated 
that the pressure initially decreased then increased 
rapidly and leveled out close to the free-stream value 
at about 2.5 to 3 calibers downstream of the base. It 
was felt that these data should be repeated when 
quantitative measurements could be made and so a 
set of sting-supported models (see Table 1) were fab- 
ricated differing only by the orifice location on the 
sting. The data from this latter run are also given in 
Fig. 12. Both wake distributions are very similar. It 
was believed that the pressure rose slightly above free 
stream in the latter experiment because of the pres- 
ence of the reflected bow shock and that if this inter- 
ference were not present, it would have risen asymp- 


totically to the free-stream value. 
DISCUSSION 


Wake Flow Model 


An exaggerated sketch of a tentative physical model 
of this wake flow can be seen in Fig. 1. This model, 
though probably qualitatively correct for most circum- 
stances, has not been completely verified; however, all 
work that has been done to date on this subject seems 
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to corroborate this general picture. As the boundary 
layer flow on the model surface approaches the base it 
becomes the first part of the flow to feel the effect of the 
low base pressure due to upstream propagation in its 
subsonic portions. This influence in the boundary 
layer is relayed to the outside isentropic stream and 
from their interaction a stable accelerated flow is 
established just before the base. It is not 
whether the complete expansion to the base pressure 
occurs in the boundary layer upstream of the base; 
most likely, it is dependent upon the amount of up- 
stream influence (Reynolds Number effect) as well 
as the magnitude of the pressure drop around the 


The accelerated boundary-layer flow leaves 


known 


corner. 
the body surface and begins to entrain air from behind 
the base while receiving energy from the outside nearly 
isentropic stream in the mixing region. Continuity 
demands that the amount of air which is entrained by 
the boundary-layer jet must be returned by a reverse 
flow in the center. This results in a vortex-like flow 
being formed behind the base with stream functions y 
y greater than zero 
The exact relationship 


less than zero while flows with 
will continue on past the body. 

between velocity and pressure in this wake region is 
further complicated for a low Reynolds Number wake 
by the existence of slow viscous flow in the wake vortex 
giving rise to large pressure gradients or, for a high 
Reynolds Number wake, by the presence of turbulent 
eddies. Qualitatively, the wake flow must support 
the overall compression necessary to turn it back in the 
direction of the free stream, and an equilibrium cond1- 
tion will exist when the dissipative wake flow can just 
support this pressure rise. If the base pressure 1s 
lower than the equilibrium value, the boundary-layer 
flow will be directed closer in behind the base and a 


larger pressure rise will be necessary. However, since 
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the dissipative flow cannot support this extra pressure 
increase, the high pressure will provide a surplus of re- 
verse flow into the base region increasing its pressure 
This, in turn, 
On the other 


and directing the jet back downstream. 
produces a smaller overall pressure rise. 
hand, if the base pressure starts too high it requires a 
smaller pressure rise in the wake which will not return 
enough of the flow entrained by the boundary-layer jet 
and as a result the base pressure will decrease. 


Wind-Tunnel Interference 


For most supersonic testing with bodies of revolution, 
the model is supported from the rear in the center of 
the tunnel by a sting to eliminate aerodynamic inter- 
ference to the fore model. Also, the model size and an 
angle of attack range are limited so the bow wave re- 
flections off the tunnel boundaries do not interact with 
the model. However, when investigating the problems 
associated with the rear region of the model such as 
base drag, the interference effects of the rear support 
sting and reflected bow wave must be reexamined. In- 
vestigations of this type have been made over a range 
of Reynolds Numbers from about 4.5 X 10% to 4 X 
10° studying the effects of both sting diameter and 
sting length.** ?4 7 '! When the ratio of sting diameter 
to base diameter d/D for an “‘infinitely’’ long sting in- 
creases from zero in the high Reynolds Number range 
where turbulence exists in some portion of the critical 
wake region, the base pressure for Mach Numbers up to 
{ has been found to be unaffected for dD up to about 
0.25. Further increases in d/D cause the base pressure 
to first decrease to a minimum value and then increase 
pressure (for blunt based 
The value of dD where the 


up to the local surface 
models) when d D = 1. 
base pressure reaches a minimum becomes smaller with 
decreasing Reynolds Number. 

The present investigations at low Reynolds Numbers 
indicate that the base pressure increases proportionally 
to the value of d/D (see Fig. 6). The general trend 
with increasing Reynolds Numbers was to decrease the 
coefficient ~ that gave the interference correction to the 
base pressure by the relation 

bo’ /P = (bo/P) ap) =0 + E(d/D) (1) 


These results seem to be in accord with those found at 
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the higher Reynolds Numbers by considering the thesjs 
that this interference effect is dependent on the rat 
to the 
difference between the base diameter and sting diam. 
eter (D — d). Thus the effects of dD may be simi. 
lar for the same 6,/(D — d). Since 6, is like LV Rp 
then 


of the boundary-layer thickness at the base (46, 


O» ; L (DN Re, 
Demag 1- @/D 


This thesis is tentatively verified by Fig. 13 of reference 
24 where for one particular model configuration at on 
Mach Number the point where [0(p,)]/[0(d D)] = ( 
occurs at one fixed value of [L (DV Re,)] [1 d/D 
(within the readability of the graph) for four Reynolds 
Numbers ranging from 1 X 10° to 4+ X 10°. 
of [L/(DV Re,)]/{1 — (d/D)] greater than this, the 
base pressure soon reaches a linear increase with in 


For values 


creasing d/D. It seems warranted to assume, then, 


that the Reynolds Numbers of the present experiments 
are sufficiently low so that the value of [L/(DV Re,)] + 
{1 — (d/D)] is high enough, even for d = 0, to make 
the base pressure increase linearly with increasing d/D 
It is worth noting that Eq. (2) for d = 0 reduces to the 
parameter first suggested by Chapman’ to correlate the 
base pressure of models with laminar boundary layers 

A conjecture regarding the reason that the base pres 
sure first drops when the d/D increases starting from 
zero for high Reynolds Number flows may be that the 
small diameter stings merely replace some of the very 
slow turbulent air in the center of the wake which is not 
able to support much of a pressure rise, thus, the energy 
of the wake flow will be higher per unit of flow area and 
the effect will be to allow the flow to support a greater 
pressure rise. This effect should continue but at a de 
creasing rate until the sting gets large enough so that 
it starts to change the continuity relationship of the 
wake by replacing too much of the higher velocity air. 

Interference effects caused by the reflected bow wave 
(or any disturbance foreign to the effective free flight 
flow field) impinging on the wake and a limited length 
of the uniform small diameter sting extending rear 
ward from the model may be considered as a sting 
length interference effect since both cause unnatural 
pressure disturbances. From the Crocco-Lees theory, 
it follows that the minimum sting length requirement 
will be associated with the extent of the critical wake 
region—i.e., the position of the critical point—and, 
hence, for any given configuration, will depend on the 
Mach and Reynolds Numbers of the flow and on the 
strength of the downstream disturbance. Expeti- 
ments at higher Reynolds Numbers have found that, i 
general, the extent of the critical wake region changes 
with the base pressures and consequently does not var) 
too significantly with decreasing Reynolds Number un 
til transition moves downstream into the portion of the 
critical wake region where the base pressure rises rapidl) 
to its maximum value. 

The critical sting length data for the present investt- 
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gation at varying combinations of Mach and Reynolds 
Number are shown in Fig. 8 together with the same 
data corrected to constant Mach Numbers by a method 
identical to that used for correcting the base pressure 
data (this method is discussed in the next subsection). 
[hese completely laminar flow data show the critical 
sting length increasing with an increase of Reynolds 
Number or a decrease of Mach Number and are replotted 
in Fig. 13 where comparison can be made with the 
data taken from geometrically similar models and dis- 
turbances at higher Reynolds Numbers.'!! This last 
figure shows that the critical sting length is maximum 
at a lower Reynolds Number than that where the base 
pressure 1S maximum. This phenomenon is apparently 
due to the fact that variation of the critical sting length 
with Reynolds Number is a direct indication of the 
movement of the ‘‘critical point’’ while the changes of 
base pressure with Reynolds Number indicate an inte- 
grated effect on the flow from the point where it leaves 
the body to where it passes the ‘critical point.” 
For a completely laminar flow, with increasing Reyn- 
olds Number, the dissipative flow in the critical wake 
region can support less and less of a pressure rise due to 
the decreasing laminar mixing, thus causing an increas- 
ing base pressure with the “‘critical point’? moving down- 
stream. At some Reynolds Number, the transition in 
the wake, in moving upstream with increasing Reyn- 
olds Number, reaches the ‘‘critical point’’ where it 
just begins to affect the critical wake region and hence 
the base pressure. This will be the Reynolds Number 
where the critical point is farthest from the base and 
thus where the critical sting length is largest. In- 
creasing the Reynolds Number beyond this value starts 
the critical point moving upstream since the transition 
in the downstream portions of the critical wake region 
requires less distance for the flow to support about the 
same pressure rise. At this Reynolds Number for 
maximum critical sting length the base pressure be- 
gins to increase at a lesser rate than if the flow were 
completely laminar. However, it is at some higher 
Reynolds Number that the base pressure will reach its 
maximum since only then will transition have moved 
far enough upstream so that the rate of increase in base 
pressure with Reynolds Number due to the laminar 
portion of the critical wake region is equal to the rate 
of decrease of base pressure due to the growing turbulent 


portion of this region. 


Heat-Transfer Effects 

The fact that the base pressure data were taken when 
the model was still losing heat to the stream was dis- 
cussed previously. Although the amount of heat trans- 
fer was small, a very definite effect on the base pressure 
was detected throughout these tests. This effect con- 
sisted of a slight increase in base pressure as the model 
cooled. This effect is in direct disagreement with re- 
sults at high Reynolds Numbers® where the base pres- 
sure decreases with a decreasing surface temperature. 
An explanation of these opposite effects can be obtained 
by considering the heat transferred through the model 
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boundary layer, to a first approximation, as merely af- 
fecting the properties, the most significant of which are 
density and viscosity.*° Thus a cooling of the boundary 
layer can be considered as an effective increase in the 
Reynolds Number of the boundary layer. 
the condition of the boundary layer which almost en- 


Since it is 


tirely determines the base pressure (considering one 
configuration with Mach Number constant) then one 
would expect the base pressure to be affected by heat 
transfer in the same way as that caused by the cor- 
responding effective Reynolds Number change. The 
cooling of the model causes the effective Reynolds Num- 
ber to increase which results in a higher base pressure 
for a completely laminar critical wake region and a 
lower base pressure when there is turbulence in the 
critical wake region. 

No definite information is available to estimate the 
possible difference between the results of the present 
tests at o = 0.93 and those which would exist for an 
adiabatic model at ¢ = 0.85; however, it is possible to 
“effective”’ 
Reynolds Number This 
change amounts to about 15 per cent and referring to 
the base pressure data (Fig. 10) an estimate of the pos- 
Thus, the 


make a rough estimate by means of the 


change just mentioned. 


sible base pressure change can be made. 
average, present base pressure data seem to be aLout 5 
per cent lower than that which would have obtained 
if the model had been perfectly insulated. 


Quantitative Data 


The quantitative base pressure data (Fig. 10) have 
been presented as an area-mean coefficient p,/ p which 
is proportional to the base drag. The method which 
was used for calculating p, » from the local measure 
ments over the base is described in reference 22 and is 
dependent on the assumption that the distribution of 
pressure over the base is parabolic. It is now evident 
that this assumption was satisfactory and, in addition, 
when the pressure distributions for all the runs are 
normalized with their corresponding area-mean pres- 
sure, they can be represented by the single empirical 
parabola 

2 


Pon Po = 1.59 — 1.1S(r 79)" 0) 


within the accuracy of the experiments. The spread 
and mean values of the data are shown with Eq. (3) 
in Fig. 14. The fact that such a universal base pressure 
distribution exists for the various combinations of 
Mach and Reynolds Numbers, and hence for different 
wake geometries covered by these tests, probably has 
important significance with respect to the distribution 
of flow in the reverse flow region of the wake, but as 
vet nothing conclusive can be said. 

The area-mean base pressure data are strongly de 
pendent on both Mach and Reynolds Numbers, and 
since the Mach Number changed with the Reynolds 
Number during the tests, the most convenient form 
for the final data required a correction to constant 
Mach Number. Inspection of the results indicated 
that the base pressure coefficient p,/p could be corre- 
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is | | lated with V Re; /\/* over the range of variables of the | 
these tests. While rather loose arguments exist which tion 
indicate why this correlation might work, a just ap- how 
praisal within present limited knowledge on the subject Lees 
can only conclude that this is fortuitous. The ph that 
related data are shown in Fig. 15 with data of referenc, natu 
11 where the dotted line indicates how the base pressure will 
of this one model at 1/ = 2.84 might change with slip 
Reynolds Number for a laminar critical wake region Rey’ 
\\Y Just what happens for other Mach and Reynolds Num fact 
Po 1.0 on \ | bers outside the range of the data cannot be predicted Rey! 
Pb ue 59-1.18(-L£)—~ \\ without further tests. The data of Fig. 15 may be fact 
o8 an 7 \\ represented by the approximate formula in F 
\\ : _ _ lami 
\ (p/p) = —0.05¢ + 0.237 In (V Re, M (4 1), 01 
ts 4 EX PERIMENTAL paral The p/p correction to the original data at constant - . 
196 = M412 \ Reynolds Number for the difference in Mach Number —— 
0.4 —— X between the original data and the corrected data can — 
be obtained from Eq. (4). “a 
of | The original data corrected to constant Mach Num- ate 
7 fe) 0.2 0.4 0.6 08 1.0 bers of 2.10 and 4.00 is seen in Fig. 10. The final results has | 
% show that the base pressure increases with increasing F BY 
Reynolds Number and decreasing Mach Number. ti 
Pe. eres. Se Sees See This is the general trend anticipated by Crocco and ome 
Lees for the complete laminar flow region even though that 
these experiments are at a much lower Reynolds Nun- “i oa 
ber than would be expected for their theory to apply. _— 
| ae The surface pressure results given in Fig. 11 illustrate — 
‘ . ‘ * for tl 
Ps how the distribution of pressure along the body was ao 
0.8 — al | ae Po modified by the thick boundary layer and how the éf- pe 
oO Gee TS fects of the low base pressure were propagated up- — 
06 I wt oe ee stream” to cause the expansion of the flow to start 
Pp acweee pT a upstream of the base. The large boundary-layer thick- ' 
gl ness at the base relative to the base diameter would waht 
a . hrst- 
oe normally be expected to cause a high base pressure but 
02} yo = this effect is completely overshadowed by the ability ni 
a of the low Reynolds Number flow to sustain the large 
0 shea pressure rise associated with such low values of the 
: ’ es ihe, ” pli cia base pressure. With decreasing Reynolds Number, 
me the vortex-like flow in the wake is presumably drawn 


FIG 15 CORRELATION OF BASE PRESSURE COEFFICIENT closer to the base in a manner analogous to the stan 
ing eddies on bluff bodies in incompressible flow at ver) 
low Reynolds Numbers”). Fig. 16 is a sketch of how | 


the model of the flow probably may look at these low 





Reynolds Numbers. The pressure distributions along 
the centerline of the wake (Fig. 12) offer tentative | 
confirmation of this very restricted reverse flow region. 
The final quantitative data are presented in Fig. 1 
for comparison with the results of geometrically similar 
models at intermediate'! and high’ Reynolds Numbers 
The combination of these results provides an almost con- 
tinuous variation of base pressures with Reynolds 
Number over the range 1.6 X 102 < Re, < 1.8 X I 
for this one model at a nominal Mach Number of 3. 








The Effect of Velocity Slip on Base Pressure 








RITICAL WAKE ili The response of base pressure to changes of Reyt- 
REGION 


olds Number have been qualitatively explained by 
FIG 16 SKETCH OF WAKE FLOW AT LOW REYNOLDS NUMBER the continuum mixing theory of Crocco and Lees 10F 
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low Reynolds Number flows of the present investiga- 
is well as those at higher Reynolds Numbers; 


the 
tion ‘ 
however many of the assumptions used by Crocco and 
Lees become less valid at low Reynolds Numbers so 
that details of the flow picture are lost. The question 
naturally arises as to when and how the base pressure 
will be affected by extreme rarefaction effects such as 
slip since the inherent property of high-speed low 
Reynolds Number flow is eventually to induce rare- 
faction effects, as contrasted to incompressible low 
Reynolds Number flow which can exist without rare- 
faction effects. Inspection of the base pressure data 
in Fig. 17 shows that at the start of the completely 
laminar flow region (assumed for JJ = 2.84 as Re, < 
10,000) the rarefaction parameter .1/, V Re; is equal 
to 0.014, which is just about the beginning of the 
regime where slip effects may start to be important, 
according to Tsien. Therefore, one wonders if the de- 
creasing base pressure with decreasing Reynolds Num- 
bers is a slip phenomenon rather than the sort which 
has been justified by continuum arguments. 

By making the assumptions that the boundary-layer 
flow approaching the rear of the base pressure models 
can be approximated by continuum flat-plate theory," 
that the model is insulated, and that u « 7, a guess can 
be made as to the magnitude of the slip velocity at the 
base by utilizing a continuum representation for the 
skin friction. Use of Young’s** approximate expression 
for the flat-plate skin-friction coefficient in compressible 
flow with these assumptions will reduce to the Blasius 
result 

c, = 0.664(Re,) (9 


for the local skin-friction coefficient at the base. The 
first-order boundary condition for the slip velocity 
u, past a diffusely reflecting surface is 


u, = 0.996[A(Ou/ Oy) J, (6 


where \ is the molecular mean free path of the gas. 
From kinetic theory, \ can be related to viscosity u, 
density p, and the speed of sound c by the relation 

uw = 0.499 pAV 8 ry-c (7 
where y is the ratio of specific heats (y = 1.4 for air). 
By combining Eq. (7) and the previous assumptions 
with the equation from laminar boundary-layer theory 


T yuo/T = 1+ Pr'*[(y — 1)/2]M:? 


/ 


which relates the wall temperature 7, 9 to the free- 
stream temperature 7, an expression for the mean free 
path of the gas adjoining the wall A,» can be written 
in terms of free-stream Mach and Reynolds Numbers 
for air as 


A ,-0o/L = 1.5(M/Rez)(1 + 0.2Pr “MM? (S) 


Eqs. (5), (6), and (8) can then be combined to give the 


slip velocity as 
u./U = 0.5(M/V Rez)(1 + 0.2Pr °M (9 


For the range of Mach Numbers in the present experi 
ments, Eq. (9) indicates that u,/U is O(.\/. V Re; 
however, when J > 1, u,/ U becomes of the order of 
M?* V Re, if the original assumptions are valid. 

The estimate of slip at the base of the model for these 
experiments as determined by Eq. (9) covers the range 
0.05 < u,/U < 0.11. At first glance this amount of 
slip seems significant; however, further considerations 
indicate that this slip is probably not yet affecting the 
flow mechanism in the wake. Schaaf and Sherman 
have discussed effects of slip on the skin friction in the 
light of available theory and some flat-plate drag data, 
and Ipsen® has studied the drag on cones in rarefied 
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flow. From these investigations one can at least 
tentatively conclude that there is no first-order slip 
effect to the local skin friction in the range 0.05 < 
M/¥V Re, < 0.15 of the present base pressure experi- 
ments. In other words, it seems to appear that in the 
supersonic Mach Number range the first effect of slip 
on Ou /Oy is not O(u,/U) = O(M/V Re,) but O(u, + 
U)*. Since it is the local shearing stress which en- 
ables momentum to be transferred across streamlines, 
then one would probably expect the first deviation from 
a continuum wake flow to occur simultaneously with 
the first effects of slip on the shearing stress Ou/Oy in 
the boundary layer as it enters the wake. Thus, the 
effect of slip on the base pressure will probably be O(u, + 
L’)? which is small for the present experiments. 


Base Pressure in Free Molecule Flow 


When the rarefaction parameter .//Re becomes 
sufficiently large so that the molecular mean free path 
of the gas is large with respect to the body length then 
the interactions between molecules in the vicinity of 
the body can be neglected compared to the action be- 
tween the molecules and the surface, and free molecule 
flow will exist. Tsien has suggested 1//Re > 10 to 
identify this regime. Experiments*’ * have suggested 
that this is reasonably correct, although a value of 
M/Re > 3 is probably sufficient. A 10 ft. long pro- 
jectile traveling at Mach 3 will be in free molecule 
flow when above about 100 miles. Forces acting on 
surfaces in free molecule flow have been presented in 
recent years by Tsien,'* Ashley,** Stalder and Zurick,** 
and Schaaf and Chambre® among others. From these 
analyses, the pressure on the base area or any area 
whose outward normal is opposite to the direction of 
motion of the body can be written, for diffusely reflected 


surfaces, as 


l = l l a ig 
2 2ss, V/ 1: 
l T 
( oS a ee ’ ) erte (s) (10) 
23° 25; 


where s and s, are the molecular speed ratios (ratio of 
macroscopic or projectile velocity U’ to the most prob- 
able velocity of the molecule) for the incident (free- 
stream) and reflected molecules, respectively, and p 
is the density of the free stream. If the surface tem- 
perature is assumed equal to the free-stream tempera- 
s) then use of the relations 1/2pl? = 
(y/2)M? with Eq. (10) gives the 


ture (Ss, = 
(y/2)M*p and s? = 


base pressure coefficient p,/p as 


Po l § 9 
at io exp —S*) + 
Dp 2 VT 


l SU 4 
(; +s = ¥ ) erfe(s) (11) 


This expression for the free molecule base pressure 
coefficient is graphed in Fig. 18 as a function of the 
Mach Number J/ for air (y = 1.4). It should be re- 
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marked that if the assumption s, = s is replaced by s, = 
s{l + [(y — 1)/y] s?}—/? so that the model surface js 
at stagnation temperature rather than at free-streay 
temperature, the effect on p,/p in Fig. 18 is hardh 
noticeable. 

Fig. 18 indicates that the base pressure cvefficien 
p»/p is sensibly zero for Mach Numbers greater than 2 
in free molecule flow. The experimental results of the 
present study in slip flow (Fig. 10) show that the rate 
at which the base pressure coefficient is decreasing with 
decreasing Reynolds Number will have to change rather 
abruptly if a gradual transition to free molecule flow 
is to result. However, the exact nature of this transj- 
tion, when the mean free path becomes of the order of 
magnitude of the base diameter, is certainly open to 
speculation although a sizable deviation from a mono- 
tomic transition is not expected. The base pressure 
coefficient p,/p can probably be considered zero for all 
practical purposes for rarefaction more extreme than 
slip flow when the Mach Number is greater than 4. 


SUMMARY AND CONCLUSIONS 


Base pressures have been measured on a cone-cylinder 
model in rarefied supersonic flows over the range of 
Mach Number ./ and Reynolds Number Re, (based on 
model length LZ): 159 < Re, < 800 for MW = 
920 < Re, < 7,400 for Wf = 4. 
the slip flow regime since the rarefaction parameter 
M/V Re, covered the range 0.05 < M/V Re, < 0.15. 

The base pressure varied considerably over the base 


2 and 
These data extend into 


area in the form of a parabola, with the pressure at the 
center being about four times the pressure at the outer 
edge. Distributions over the base for all the test con- 
ditions seemed to be of a universal nature when normal- 
ized by the area-mean base pressure /p, (Fig. 14). The 
final area-mean base pressure coeflicients were found 
to decrease with the decreasing Reynolds Number and 
increasing Mach Number as predicted by Crocco and 
Lees” for a model in completely laminar flow. The 
original data (Fig. 10), with varying combinations of 
Mach and Reynolds Numbers, were found to correlate 
with the parameter V Re, MM? (Fig. 15) enabling the 
data to be corrected to constant Mach Number. These 
corrected base pressure coefficients (Fig. 10) covered the 
range 

< 800, MW = 2.10 
< 7,400, 7 = 4.00 


0.191 < (fp/p) < 0.394 for 159 < Re, 
0.107 < (p,/p) < 0.320 for 920 < Re; 


These quantitative measurements were made _ with 
models having surface temperature coefficients (7, - 
T)/(T> — T) equal to 0.93. This heat-transfer condi- 
tion seemed to amount on the average to about a 5 per 
cent decrease in the base pressure coefficient from the 
insulated The effect of heat transfer 
from the model to the stream decreases the base pres- 


model value. 


sure at these low Reynolds Numbers as compared to 
the effect of increasing the base pressure noted at higher 
Reynolds Numbers.” 
be explained by an effective Reynolds Number change 


These opposite effects seem to 
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due to property changes in the boundary layer together 
with the trend of base pressure with Reynolds Numbers 
of the particular flow regime. 

Supplementary investigations were made of the ef- 
jects of support interference arising from the relative 
size of the sting diameter and sting length compared 
to the base diameter. The former effect at these low 
Reynolds Numbers caused the base pressure to increase 
linearly with the sting diameter (Fig. 6) which enabled 
the effective zero diameter sting base pressure to be 
obtained by a linear extrapolation. The latter effect 
showed that the sting length requirement, expressed in 
terms of a critical sting length, increases with increasing 
Reynolds Number at these low Reynolds Numbers with 
completely laminar flow. This is directly opposite to 
the effect found at intermediate Reynolds Numbers!! 
where turbuleice existed in the critical wake region. 
Thus, the position of transition with respect to the 
“critical point”’ in the wake flow seems to be detectable 
+ or —) of the change of critical sting 
Supplemen- 


by the sign 
length with Reynolds Number (Fig. 15). 
tary pressure distributions were taken on the base pres- 
sure model surface upstream of the base and on a 
similar model without a base (Fig. 11). Static pres- 
sure distributions were also taken near the wake 
centerline (Fig. 12). These pressure distributions 
were made at one Mach and Reynolds Number which 
was characteristic of this flow regime. The base pres- 
sure coefficient for free molecule flow was calculated 

Fig. 1S), and is sensibly zero for all Mach Numbers 
greater than 2. 

The base pressure dependence on Reynolds Number 
for this one body of revolution at about Mach 3 can be 
traced (Fig. 17) from free molecule flow, through the 
laminar slip region of these tests, on past its maximum 
which occurs in the intermediate Reynolds Number 
range!! where transition exists in the critical wake re- 
gion and into the higher Reynolds Number range’ 
With transition moving upstream toward the point 
where completely turbulent boundary layers and wakes 
exist. At these very high Reynolds Numbers, the 
base pressure seems to be independent of Reynolds 
Number. This overall change of base pressure co- 
eficient with Reynolds Number is directly analogous 


with the effect of altitude as related by Fig. 2. 
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The Transverse Curvature Effect in 
Compressible Axially Symmetric Laminar 
Boundar v-Lay rer Flow’ 


RONALD F. PROBSTEIN? 


Brown University and Princeton University, Respectively 


SUMMARY 


The viscous transverse curvature effect in compressible axially 
symmetric jaminar boundary-layer flow has been investigated, 
and it is found that the effect is characterized by the parameter 
A/ry which is essentially the ratio of the boundary-layer thickness 
to body radius. It is shown that the Busemann and Crocco 
integrals of the two-dimensional energy equation for Pr = 1 are 
still valid for axially symmetric flow in which the transverse 
curvature effects are considered. By a generalization of Mang- 
ler’s transformation it is then shown that the boundary-layer 
equations are reducible to an almost two-dimensional form, mak- 
ing the analysis simpler for two asymptotic flow regions charac- 
terized by A/ry>> 1 and A/rp less than or of the order of unity. 
It is with the latter region that the present paper is primarily 
concerned, and for this case it is shown that the additional term 
in the momentum and energy equations, which differentiates them 
from the two-dimensional form, behaves like an external favor- 
able pressure gradient. 

Except for certain special cases it is necessary to obtain the 
“exact”’ solutions in the range where A/rp is less than or possibly 
of the order of unity by means of asymptotic expansions in 
ascending powers of a parameter that is small compared to unity 
but proportional to A/rp. It is shown how the asymptotic solu- 
tions can be found for (1) the velocity and temperature distribu- 
tions for the compressible zero pressure gradient case when the 
body shapes are given by r) = ax” and ro = ae” and (2) the ve- 
locity distribution for incompressible flow with an external ve- 
locity of the form u, = bx” past a body given by rp = ax”. The 
zeroth approximation is the Mangler result. For the cases of a 
“near paraboloid” with zero pressure gradient and a cylinder with 
linear external velocity distribution, similar profiles can be found 
for all values of A/rp. More generally it is shown that similar 
profiles exist if the exponents m and m satisfy the condition that 
2n + m = 1. Here, similar is used in the restricted meaning 
that the distributions are derivable from ordinary differential 
equations 

In the case of the cone and cylinder with zero pressure gradient 
where the equations have been numerically integrated for Pr = 1, 
the first-order correction to the Mangler formulation shows that 
the effect on both the skin-friction coefficient and heat-transfer 
rate can become appreciable in the range where A/rp is less than 
or of the order of unity. At a constant A/7, the effects are in- 
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creased in magnitude when either the ratio of wall to free-str 


temperature, or Mach Number, is increased. Also, all othe; 
conditions being equal, for the same value of A/ro the skin-frictio, 


coefficient and heat-transfer increase on the cylinder is greate; 


than that on the cone 

For flows with pressure gradient, the transverse curvature ter 
behaves again like a favorable pressure gradient and tends t 
delay both separation and transition when compared with axial] 


symmetric flows in which the transverse curvature effect is neg 


lected 


SYMBOLS 


The subscript e denotes quantities in the inviscid external floy 


and the subscript © denotes values in the undisturbed free strean 


far from the body. The subscript w refers to values of th 


physical quantities at the wall, and the subscript ./ refers to th 


value given by the Mangler formulation. 


v = coordinate measured along the body surface with 


origin at the nose 


y = coordinate normal to surface 

0 = azimuthal angle 

a = angle between tangent to meridian profile and t! 
body axis 

r = distance of any point on the body (x, 0, @) to tl 
central axis, ro = ro(x) 

r = distance from any point (x, y, @) to the axis of sym 
metry, in the present paper r(x, y) = ro(x) + ycos 

Ky = longitudinal curvature in meridian plane 

Ke = transverse curvature in plane perpendicular to flow 


1/r for axial symmetry 
u = component of velocity in x direction 
= component of velocity in y direction 


p = static pressure 
p = mass density 
= absolute temperature 

L = characteristic reference length of body 

6 = boundary-layer thickness 

6* = boundary-layer displacement thickness, defined ! 
Eq. (2) 

A = 6* cos a 

R = gas constant per gram 

Cp = specific heat at constant pressure 

( = specific heat at constant volume 

¥ = ratio of specific heats, c,/< 

Me = coefficient of viscosity 

y = coefficient of kinematic viscosity, u/p 

k = coefficient of thermal conductivity of gas 

h = enthalpy, cpT 

M, = Mach Number, u,/V/ 7 R T, 

(Rer)e = Reynolds Number based on the length x and quanti 
ties in the inviscid external flow, u,.x«/», 

Pr = Prandtl Number of the gas, cpu/k 

C. = factor of proportionality in the equation (u/u 
Cll / TZ, 
rp2 

x = dx 
L2 
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hear stress, w(Ou/Ooy 

local skin-friction coefficient, 7,, 1/2) peu, 

local rate of heat transfer from the surface per unit 
irea per unit time, — ky(OT/dy 

defined by Eq. (33 

defined by Eq. (40 

homogeneous solution of the equation for / 


particular integral of the equation for / 


(1) INTRODUCTION 


1.1. Preliminary Considerations 


— STEADY LAMINAR BOUNDARY LAYER On an un- 
yawed body of revolution differs from that on a 
two-dimensional shape in that the axially symmetric 
boundary layer must not only grow in thickness with 
distance along the surface but, in addition, must also 
spread circumferentially as it grows. Clearly there- 
fore, the rate at which the body circumference changes 
with length will be the axially symmetric geometrical 
factor that will determine the characteristics of the re- 
tarted viscous layer. The body geometry effect can 
therefore be considered to manifest itself through the 
two surface curvatures shown in Fig. 1 for a pointed 
body of revolution. The first is the longitudinal curva- 
ture in a meridian plane, denoted by K,, while the second 
is the transverse curvature, A», of the body in a plane 
perpendicular to the flow. Now, it is evident that the 
longitudinal surface curvature is a quantity that is as- 
sociated not only with axial symmetry, but also with 
iny curved surface in two-dimensional flow. In the 
usual treatment of boundary-layer problems, it is gen- 
erally assumed that 6A; and 6°(dA,/dx) are small com- 
pared to unity (here 6 is the boundary layer thickness) 
in which case the effects of longitudinal surface curva- 
ture are negligible. These conditions impose certain 
restrictions on the body shape, and the effect of re- 
moving them has been studied by Murphy' for incom- 





‘ ‘ 
rit? +~ 
at | a 
~ $8 
- < / } 4 
/ Su 
- 
K 
CENTER OF 


+ CURVATURE 


Fic. 1. Coordinate system for axially symmetric body 


209 


pressible flow with zero pressure gradient. However, 
so far as the present paper is concerned, this longitudinal 
curvature effect will be neglected. 

The transverse curvature of the body, A», in a plane 
perpendicular to the flow, is distinguished by the fact 
that it arises only from the three-dimensional nature of 
the problem. Of course, for a body of revolution the 
section in any transverse plane is by definition a circle, 
so that here the curvature is simply the inverse of the 
body radius, ro, at any position along the axis. It is the 
purpose of this work to examine what effect the intro 
duction of this transverse curvature has on the values of 
such quantities as the viscous shear and heat flux, par 
ticularly at the body surface. The present paper indi 
cates the fundamental physical and mathematical ideas 
involved for compressible zero pressure gradient flow 
and for incompressible flow with an external velocity 
gradient of the form u, = bx” over a body whose shape 
is given by 7) = ax". In addition, numerical results are 
presented for the case of compressible flow over a cone 
and cylinder, where the Prandtl Number of the gas 1s 
taken equal to unity. 

At this point let us define the coordinate system (x, y 
6), where the body surface is given by y = constant = 0, 
x is the distance measured along the body from some 
reference point, which in the present paper is taken to 
be the nose of the body (x = 0), and @ is the azimuthal 
angle (see Fig. 1). Let r = r(x, y) be the distance from 
any point (x, y, @) to the axis of symmetry, and suppose 
ry = ro(x) is the distance of any point on the body (x, 0, 
#) to the central axis. If as assumed, the thickness of 
the boundary layer is small compared with the longi- 
tudinal radius of curvature, 1/A,, then at any point in 
the boundary layer 


r(x, ¥) = ro(x) + ycosa (1 


where a is the angle the tangent to the meridian profile 
makes with the axis. Although the characteristic vis- 
cous length is the boundary-layer thickness 6, it is more 
convenient to deal with the displacement thickness, 6*, 
because it is capable of precise definition. It follows 
that the curvature ratio is given by 


Kopoay Cn = 32/%o = 1 + (6* cos a/ro) = 


1 + (A/7ro 


Here, A = 6* cos a is the projection of the displace 
ment thickness onto the transverse plane (see Fig. 2 

In connection with this point it should be noted, as 
first recognized by Moore,” that since the displacement 
thickness is a measure of the mass-flow defect, then in 
order to account for this defect in a way comparable to 
two-dimensional theory, it is necessary to define it by 


2ar (pelle — pu)dy = 2arrp.udy 
/ O 0 


iy ou \ r 
a ‘J pl 
riting b= | (: = ) dy 
/ 0 eu, ro 


it follows from Eq. (1) that 


\ 


a) 


5; = 6* + [(6*2 cos a)/(2ro)] = 6* FL + [A/ (2%) ] 5 (2 
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Fic. 2. Main flow regions 


Clearly, so far as the present problem is concerned, the 
significant parameter is the ratio of the boundary-layer 
thickness or, more precisely, the displacement thickness 


to the body radius. tT 


1.2) Description and Range of Main Flow Regions 


Referring to Fig. 2, in which a cone in supersonic flow 
is chosen to illustrate the body of revolution, two main 
asymptotic flow regions over a given body can be dis- 
tinguished primarily upon the basis of the order of 
A’r. For the body of Fig. 2,f the two main flow re- 
gions are respectively: I, a ‘‘nose’’ region distinguished 
by the fact that A/7rp > 1, and II, a ‘‘downstream” re- 
gion where A/7p is ‘‘of the order or less than unity." TT 
The two regions, I and II, are separated by a ‘“‘transi- 
tion’’ zone where A ‘7 is intermediate between the nose 
and downstream region. In the present investigation 
the nose of the body is considered mathematically 
sharp and the “immediate’’ nose region where slip, 
temperature jump, and other kinetic effects could be- 
come important is neglected. This would exclude from 
consideration a zone whose extent for compressible flow 
in terms of the local Reynolds Number would be of the 
order of Re, ~ 10M, where here J/ is the local Mach 
Number. The overall flow problem will then be treated 
in such a way that all possible information about the 
nature of the flow regions downstream of the ‘‘immedi- 


s* 


t This statement assumes cos a to be unity so that A & 6*, a 
condition that is almost true for the slender bodies that are under 
consideration, except near a blunt forward stagnation point 

t Here, a pointed nose body of revolution is considered. In 
the case of a cylinder with its generators parallel to the flow 
(sufficiently slender so that the A/ro effect enters), the regions 
will be reversed in their relation to distance from the nose when 
compared to the pointed body. 

tt The application of the term asymptotic flow region to the 
range where A/rp is of the order or less than unity might seem 
somewhat unjustified, since by accepted definition one would 
require that A/ro, or at least (A/r))?, be small compared to unity. 
However, the region is referred to as asymptotic because, as will 
be shown, the physical variables, can be asymptotically expanded 
in a parameter which is directly proportional to A/ro, and in 
general small compared to unity, when A/ro is of the order of or 


less than unity. 
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ate’’ nose region is obtained, which does not depend oy 
the detailed history of the flow in this region. However 
as is usual in boundary-layer theory, the origin of th 
coordinate system will be taken at x = O, or the nog 
where the boundary-layer thickness is supposed to } 
Zero. 

Before discussing the regions in more detail, a cr; 
terion is needed to determine the extent of the varioys 
zones. This can be obtained from the following relatio 
for an insulated cone of half-angle a, in supersonic flow?! 


(A/ro) a = [(0.994+0.275.1/,") V C,]/tan aV (Re, 


Here, the specific heat ratio has been taken equal to | 
the subscript e refers to the inviscid values of the physi 
cal quantities downstream of the nose shock, and C, isa 
parameter that appears in the linear viscosity-tempera- 
ture law to be introduced later. It must be emphasized 
that the above relation is only intended to give the or 
ders of magnitude involved. Thus, it can be seen that 
the more slender the cone, the closer to the nose, or 
the higher the flight speed, the greater will be the 
transverse curvature effect in compressible flow. 

Consider the nose region, I, which is characterized by 
the fact that A/r) > 1. In other words, in this zone the 
stress term arising from the transverse curvature be- 
comes of the same order of magnitude as the two-di 
mensional viscous stress term in the momentum equa- 
tion. An analogous statement holds true for the heat 
flux terms in the energy equation. Obviously the above 
conditions are met for only certain ranges of Mach and 
Reynolds Numbers. In fact, the actual practical range 
in which this region has any importance may be rather 
limited below a Mach Number of 10. Still, a solution 
for the nose region is useful in the sense that it serves as 
the limiting case with which to bridge the ‘‘transition 
zone. It could also conceivably serve as an aid in check 
ing any approximate solution intended to cover the 
spectrum of A/ro 

Recently this régime has been considered by Stewart 
son’ who examined the case of the “infinitely” thin 
cylinder in the absence of pressure gradients in incom- 
pressible flow. He found that for this limiting case 
the leading term in the asymptotic expansion of the 
axial velocity component is simply the main stream 
velocity and the next term is the same as that derived by 
Oseen's method. Mark® working under the direction 0! 
Lees has obtained ‘‘exact’’ solutions to the large 17 
problem for the incompressible flow over a paraboloid 
of revolution with zero pressure gradient, utilizing the 


tt This relation was obtained using the flat plate, compress!! 
laminar boundary layer solution for constant wall temperatur 
and specific heat, a linear viscosity-temperature relation, a 


Pr = 1 (see e.g., reference 3) 
Re,), 9" Eva 
bh = 1.721 —— + 0.332 (7 — 1)M- 
C. x i 


From Mangler’s transformation,‘ division by 1/3 gives the 
axially-symmetric value for a cone in supersonic flow, valid in the 
range where A/ry < 1 This solution is examined when the 
zone II is considered; its use in this instance is only to permit at 


estimate of the lateral extent of the regions being studied 
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THE TRANSVERSE 
method developed by Stewartson for the cylinder 
problem. From the knowledge of the properties of the 


exact solution Mark has developed a momentum- 


integral method to solve the large A 7 problem, by 
ysing a Karman-Pohlhausen technique in which the 
of the velocity distribution function be- 


It should be that this 


leading term 
haves logarithmically. noted 
pproximate solution is applicable to the entire range of 
\y. So far as the present paper is concerned this 
region will not be considered further except insofar as 
the boundary-layer equations that are valid for it are 
written down and also insofar as certain general solu 
tions are Obtained which hold for all values of A 7. 
For example, reference is made here to particular inte- 
grals of the energy equation and to the ‘“‘zero pressure 
eradient’’ compressible flow over a nearly parabolic 
body of revolution and linear external velocity flow over 
i cylinder, for which the equations are noted.t 

Just downstream of the nose region is the transition 


one in which A 7 is neither large compared with one, 


nor of the order of unity. Here, in general, analytic 
solutions of the equations of motion are difficult to ob- 
tain, and it is probable that an approximate momen 
tum-integral technique such as described previously 
would be required in order to determine a solution. 
In region II, A 7) is of the order or less than unity. 
[his zone is characterized by the fact that the effects 
produced by the transverse curvature can be con 
sidered to be essentially a perturbation of a flow which, 
in the limit of A ro 
proaches a two-dimensional pattern. 


very much less than unity, ap- 
That is, it is clear 
that as one proceeds downstream along the cone the 
transverse curvature effects must decay. From Eq. (3) 
it is evident that the 
elects can extend over the major portion of the boly 
say a cone whose half-angle is as much as 5°) for Mach 
Actually this domain 


“weaker” transverse curvature 


Numbers which are not large. 
can be thought of as being divided into three subregions 
each one of which is simply a limiting case of the other. 
In the subregion (@) (Fig. 2) very far downstream of 
the nose, 7» > © so that A/r, tends to zero, and Ky» 
Here, the effect of the axial symmetry is 
negligible and the flow approaches a two-dimensional 


K — | : 


pattern. 

Somewhat further upstream, in the subregion ©), al- 
though A 7) is small compared to unity the flow can 
nevertheless no longer be considered two-dimensional 
incharacter. Here, the circumferential spreading of the 

However, the ap- 
the 
ro(x), in 


viscous layer must be considered. 
boundary-layer 
the 


momentum and energy equations become two-dimen- 


proximation can be made in 


equations that r(x, vy) & which case 
sional in form and the continuity equation isconsiderably 
simplified. Mangler? has shown that in this case a 
direct transformation of the compressible boundary- 


laver equations for axially symmetric flow to those of a 


Some of these general results have been presented previously 
man earlier report on the same subject by the present authors.’ 
Apparently, Mark has also obtained some of these results inde- 


pendently 
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two-dimensional flow is possible when the gas is perfect 
with constant specific heats. Actually, although this 
transformation was not expressed formally until 1945, 
it had been used in essence as far back as 1908S by 
Boltze® in the treatment of axially symmetric laminar 
flows (for other examples see Goldstein’). 

Proceeding still further upstream the subregion @) is 
reached, where the boundary-layer thickness begins to 
approach or become of the order of the body radius, in 
which case the transverse curvature takes on still more 
importance. One must however continue to bear in 
mind that any treatment valid for this region must 
The 


present paper then is primarily concerned with the in 


actually encompass those zones downstream of it. 


vestigation of the compressible laminar boundary 
layer flow in such a region, where A ‘7, is less than or 


possibly of the order of unity. 


1.3) Review of Previous Work 


So far as the present authors know, all the so-called 
exact approaches to the above pre yblem have been re 
stricted to incompressible cylindrical flow. In this case, 
the body radius ry is a constant, and r = re + y (see Fig 
1). The first solution was given by Atkinson and Gold 
stein (reference 9, p. 304) in their investigation of the 
internal steady incompressible laminar boundary layer 
near the entry of a cylindrical pipe. Their analysis also 
included the effect of a self-induced pressure gradient in 
the potential flow core due to the growth of the viscous 
layer in the pipe. A solution was obtained by expanding 
the stream function in an asymptotic series in ascending 
powers of Vx 7, where the coefficients in the series 
ro|/V x. 


In this manner the problem was reduced to the solution 


were only functions of the variable [(7? — ro° 


of a series of ordinary differential equations, the first of 
which was the nonlinear Blasius equation, while the re 
maining ones were third-order, linear inhomogeneous 
equations. It should be noted at this point that their 
technique employed the idea of expanding the physical 
curvature 


powers of the transverse 


parameter Ar ~ Vx,ro. Whether or not 
implicitly recognized by the authors is of course not 
In any event, it is clear that the first term 


quantities in 
this was 


known. 
represents a flow that is two-dimensional in character, 
while the succeeding terms in the series characterize the 
effect of the transverse curvature as well as the self 
induced pressure gradient. 

In 1951, Seban and Bond" simply extended the pre- 
ceding analysis to include the ‘incompressible’ energy 
equation. In their treatment the problem considered 
was that of the exterior steady incompressible flow over 
that is, the self- 
induced pressure gradient was taken to be zero. The 
variables used were the same as those introduced by 
Atkinson and Their calculations showed 
that the transverse curvature effect increased the local 
skin-friction coefficient and heat-transfer rate and that 
However, their 


a cylinder with constant pressure 


Goldstein. 


this increase could become appreciable. 
results for the displacement thickness were in error due 
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to an incorrect definition for an axially symmetric 
boundary layer. This fact was recently pointed out by 
Kelly,'' who in addition has corrected some errors that 
appeared in the original Seban and Bond calculations. 

Sowerby and Cooke’ performed the same analysis of 
the momentum equation for the steady incompressible 
flow over a cylinder as did Seban and Bond. In addi- 
tion, they also treated the analogous nonsteady “‘Ray- 
leigh problem”’ of the infinite circular cylinder started 
impulsively from rest in a direction parallel to its own 
generators. They found that there is a régime in which 
the boundary-layer growth is independent of the space 
variable x but dependent on the time variable ¢, so that 
here x is replaced by fand A/ry7 ~ V t/ro. As one would 
expect, the solution of this linear problem turns out to 
be an asymptotic expansion in powers of V ¢/ro for the 
physical quantities, such as the viscous shear. 

Finally, Cooper and Tulin'® /inearized the incom- 
pressible boundary-layer equations of motion in the 
cylindrical polar coordinate system and again deter- 
mined the solution to the problem of the steady flow 
over a cylinder with no pressure gradient. In this case, 
a general functional solution which essentially is valid 
for all values of A/7) could be given in terms of Bessel 
functions of zero order. However, only the asymptotic 
solution for the A 7) range considered in the present 
paper was given. The fact does not seem to have been 
noted that their asymptotic expansion was in powers of 
a quantity proportional to the physical transverse 
curvature parameter A 7. They also found a general 
solution to the linearized problem of the unsteady mo- 
tion without a pressure gradient of a cylinder in axial 
flow which starts from rest at time ¢ = 0. Here, only 
the particular case of the impulsive start was treated in 
detail with analogous results, as pointed out pre- 
viously, to the steady flow problem. <A general solution 
for a large class of pressure gradients on a cylinder was 
also obtained, although only the Falkner-Skan'* type 
was treated in detail. Again, by means of an asymp- 
totic expansion in a quantity proportional to A ‘7 they 
showed that the transverse curvature effect increased 
the wall shear stress for both favorable and adverse 
pressure gradients. Inthe range of A/rp < 1, they found 
that the increase in wall shear on the cylinder for favor- 
able gradients, when compared with the shear on the 
flat plate for the same favorable gradient, is less than 
the increase on the cylinder in uniform flow when com- 
pared with the flat plate in uniform flow. The converse 
is true for adverse gradients. The significance of these 
results will be discussed later in the paper. For the 
case of a constant external velocity gradient over the 
cylinder, they showed that similar profiles existed and 
derived the ordinary differential equation defining them. 


(2) GENERAL EQUATIONS 


2.1) Boundary-Layer Equations for Axial Symmetry and 
Particular Integrals of the Energy Equation for Pr = 1 


In the present work it is assumed that the specific 
heat and Prandtl Number are constant, that the body 
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forces are negligible, and that the gas obeys the perfect 


gas law 
p= pRT 4 


Here, p is the static pressure, p the mass density, T th, 
absolute temperature, and R the gas constant per gram 
Following the usual order of magnitude analysis, th 
axially symmetric boundary-layer equations then be 


come: 
Equation of continuity, 
(0/Ox)(pru) + (0/Oy)(prv) = 0 


Momentum equation, 


( Ou | dp 9) ( * 
u +v = — + 
‘ Ov Oy dx Oy 2 Ov 


bk Or Ou 
r Oy OY 


Energy equation, 
( Oh | =) dp . 1 [oO ( *) 
ul +v =U + 
' Ov Oy dx Pr Loy . Oy 
ue Or Oh (*) : 
+ pu 
Oy 


r Ov OY 

Here, u and v are the velocity components in the x and) 
directions, respectively, and h = c,T is the enthalpy oi 
the gas where c, is the specific heat at constant pres 
sure. The Prandtl Number, Pr = c,u k where uw is the 
coefficient of viscosity, and & is the coefficient of ther 
mal conductivity of the gas. It is to be noted that the 
static pressure across the boundary layer is still foundt 
be constant to our order of approximation. 

The boundary conditions on the velocity follow fron 
continuity and the requirement of no slip at the wall 
The temperature may satisfy the condition that there 
is no heat transfer at the wall, or the surface tempera- 
ture may be specified. Therefore at 


h = hy, (noninsulated case 
or oh Ov = O (insulated case) Sa 


At infinite normal distance from the surface, or the 
“edge” of the boundary layer,? the values of u and T are 


specified, so that for 


ae Sb 


Here, the subscript e is used to denote the inviscid flow 
values, so that in the case of the cone, for example, this 
would represent the conditions on the downstream side 
of the conical shock. Of course, for zero pressure gradi- 
ent all the inviscid quantities, “,, /,, p., etc., . . . are col 
stant. 

If the Prandtl Number of the gas is equal to unity 
then a most interesting result is obtained by multiplyimg 


t For a discussion of this point see, for example, p. 381 


reference 16. 
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THE RANSVERSE 
the momentum equation by uw and adding this product 


to the energy equation, to give 


n) ee. 


u Or O fi O of. Be ae 
oa h + ae a re ~~ hrs 


A particular integral of this equation is given immedi- 
ately by 


h + '/ou? = constant (9) 


This is of course the well known Busemann integral,” 
which is valid for an isoenergetic free stream and an in- 
surface, the gradient. 
at least in the case of Pr = 
effects leave the 
conclusion that is true 


sulated regardless of pressure 
lheretfore, 1, the transverse 
temperature un- 


for all values of 


curvature recovery 
changed ( a 
A/r 

In the 
found that 


case of zero pressure gradient, it is further 


A = Bu —! ou~ 


isa particular integral of the boundary-layer momentum 


If the boundary conditions of 


nd energy equations. 


constant surface and free-stream temperature are ap- 
plied to the evaluation of the constants A and B, then 
the above relation can be written as, 
] 1 y¥-1 Rs ul 
=— + 1+ M2} -—- = — 
] r, 2 T. Mt, 
y¥-—1 eS tg 
oe ED ( ) (10) 


This integral is the well known result first found by 
in connection with the flow over a flat plate 
Therefore, for Pr 
symmetric 


Crocco!’ 
with constant surface temperature. 
= ] can conclude that on an axially 
body for all A the transverse curvature effect will 
not alter the form of this relation from that of a flat 


one 


plate. 


2.2) Reduction of Equations to Almost Two-Dimensional 
Form 


If Am) < 1, then the transverse curvature terms, 

r)(Or, Oy)(Ou Oy), (u/r)(Or/Oy)(Oh/Oy), can be neg- 
lected in both the momentum and energy equations, 
so that they then assume the two-dimensional form. 
This is tantamount to replacing r(x, y) by ro(x), which, 
if carried out in the continuity equation, reduces it to 


(0/Ox)(prou) + ro(0/Ov)(pv) = O 


With the compressible axially symmetric boundary- 
layer equations in the above form, Mangler‘ was able 
to transform them to those of a two-dimensional flow. 
He accomplished this by a change of independent vari- 
ibles governed by the relations 

(di uw = (1r97/L*)dx, (d¥) 4 = (9% L)dy 


where L is a characteristic fixed reference length. A 
suitable redefinition of the dependent variables was also 


c 


U 
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required; the reader is referred to Mangler’s original 
papers. 

In the present analysis, because A ry may approach 
the order of unity, it is not possible to replace r(x, y) by 
ro(x) and hence to the axially 
boundary-layer equations to a two-dimensional form by 


However, by a 


reduce symmetric 


Mangler’s transformation. simple 
generalization of this transformation, the equations can 
be put into a nearly two-dimensional form. 

The independent variables from 


x; 9 tz, 


transformation of 
¥ is made by means of the relations 


dt = (ry?/L*)dx, dy} = (r(x, y)/L]dy 1] 


x-coordinate transforma 
Mangler, 
change of the independent variable y, ro(x 

A geometrical interpretation of the normal 


Here, it can be seen that the 


tion is the same as that given by but in the 
is replaced 
by r(x, y). 
coordinate transformation follows from the fact that 


y~ S r(x, y)dy S r cos ady 


= (transverse viscous 


COS @ 


area) sec a 


In other words, the coordinate J is proportional to the 
boundary-layer area in the transverse plane (see Fig. | 
projected onto a plane normal to the body surface. On 
the other hand, 
~ fo 

so that the coordinate ¥ is proportional to the volume 
swept out by the body. Now, 
associated with the circumferential spreading 
the rate at which the 
the 
factor determining the 
It is clear that 


the transverse curvature 
effects are 
of the viscous layer. Therefore, 


body circumference changes with length will be 


axially symmetric geometrical 
characteristics of the boundary layer. 
the which is the distorted distance 
the the 


geometry of the 


t coordinate, along 


surface, essentially characterizes overall 
¥ coordinate involves 


Thus, 


body, while the 
the resultant transverse viscous curvature effect. 
itis not surprising that, in attempting to reduce the equa 
tions to a nearly two-dimensional form, the 7 transfor 
mation should be the same as given by Mangler. 
the Mangler replaced every point in the 
boundary point. 
Hence, the ‘‘corresponding”’ 
Mangler’s case would be only a first approximation to 
the ‘proper’ value given above. 

Using Eqs. (11) the following transformation formu- 


On 


other hand, 


layer by the corresponding surface 


projected viscous area in 


las are obtained. 
[(%79?/L?) 
L) (0/07) \ 


0/dx = (0 dF)] + [(0%/dx) (0/05)]) 


») 
12) 


0 /Oy 


II 


where it is not necessary to evaluate OF Ox. It follows 


from Eq. (1) that 


zs €, roy VY" COS a 
me J ea i 
from which 
(b) 7?/ro? = 1 + [(2L cos a/ro*)¥ 13) 
and (c) (O0/O¥)(r?7 2L cos a/rg” 
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If a new velocity @ is defined by 


[(L2/7r57) (OF / Ox) |] (14) 


6 = (rL/ro*)v 4 


then from Eqs. (12) and (15) the boundary-layer equa- 


tions [Eqs. (5)-(7)] become: 
Equation of continuity, 


(0/O.20)(pu) + (0/0¥)(pv) = O (15) 


Momentum equation, 


( oe =| 2) ( 4 dp | 
OV oe as] an \Y as] * de 


2L cosa O f_ On ; 
a ee (16) 
ry Ov oy 
Energy equation, 


( oe. . =) 1 oO ( =) (=) 
PY az" ON Prov \ ax)” Vax 


dp 2. cesal{ 1 Oo ( 7 =) Z (=) 17 
= y + pi (17) 
ak ro? = | Pr ov \* as] * ™ Nog 


The continuity equation is now in a two-dimensional 
form of a compressible flow in the #, ¥ plane with veloc- 
ity components uw and 3, respectively. The left-hand 
sides of both the momentum and energy equations are 
also two-dimensional in form. Therefore, the non-two- 
dimensional terms on the right-hand side of the momen- 
tum and energy equations must carry the burden of the 
increased transverse curvature effect over that which is 
obtained using the Mangler formulation. 

Since the additional shear term in the momentum 
equation is, in general, always positive, it is not dif- 
ficult to show that it manifests itself as a favorable pres- 
sure gradient, as do the added heat flux and dissipation 
terms in the energy equation. This is why, in the work 
on entry flow in a cylinder by Atkinson and Goldstein® 
the self-induced longitudinal pressure gradient appears 
in the equations in exactly the same manner as the 
That is, the transverse 


transverse curvature effect. 
curvature is just an added nonhomogeneous perturba- 
tion in much the same way as the induced gradient. In 
the work of Seban and Bond" on the incompressible 
flow over a cylinder, it also answers why the wall shear 
should increase and, as shown by Kelly,'! the displace- 
ment thickness should decrease. This follows directly 
from the properties of favorable gradients.’ A favorable 
gradient will also increase the heat-transfer coeffi- 
cient,”?~** but, as is well known from planar calculations, 
the change in recovery factor is small.*” **° As might be 
expected, these same results were obtained by Seban and 
Bond in their calculations. 

Turning to the paper of Cooper and Tulin,'* it now is 
clear why they found that the increase in wall shear on 


t This same property shows up in work by the present authors!9 
on the self-induced pressure gradient generated by hypersonic 
viscous flow over a cone. There it is shown that the first-order 
effect of transverse curvature and self-induced pressure gradient 


are independent. 
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the cylinder for favorable gradients, when compared 
with the shear on the flat plate for the same favorable 
gradient, is less than the increase on the cylinder in yp; 
form flow when compared with the flat plate in uniform 
flow, with the converse being true for adverse gradients 
reference 13), for 


1 £iven 


In other words (see Fig. 4, 
value of A 7%, 
("= fav. grad ) (" p same adv. gr ) 
Teyl. adv. grad T same fav. grad 

But, the wall shear for planar flow with an advers 
gradient is less than the wall shear with a favorabl 
gradient. Hence, since the above product must be 
greater than unity, it follows that at a given value of 
A/rm, the wall shear on the cylinder in a_ favorable 
gradient is greater than the wall shear for a cylinder in 
an adverse gradient. Certainly, this is obvious since 
—dp dx and (2L cos a %")(O0 OF) (Fr 
gradient is favorable and subtract when the gradient is 


add when the 


adverse, although this fact was not explicitly pointed 
out in reference 13. This interesting problem of the 
“interaction’’ of the pressure gradient term with the 


transverse curvature shear term is discussed later. 
(3) ZERO PRESSURE GRADIENT FLOWS 


3.1) The Incompressible Plane and Similarity 

Considerations 

The boundary-layer equations now being in a nearly 
two-dimensional form suggest first a transformation 
from the compressible to an incompressible form. How 
ever, before attempting to do this two assumptions are 
made; the first is that the viscosity varies linearly with 
the temperature, while the second one is that the pres 
sure gradient is taken to be zero. The latter assump- 
tion will be removed later, at least for incompressible 
flow. 

Following Chapman*’ a parameter C, is introduced, 
such that 

ume = CATT.) (18a 


Since the Prandtl Number and specific heat are con 
stant, the heat conduction coefficient varies in the same 
manner as the coefficient of viscosity. The constant C, 
can be determined by matching the viscosity relation 
with a theoretically determined value, or with a sem 
empirical relation such as Sutherland's equation, at the 
wall temperature, so that 


a = ise) e/ Le) ISb 


For 7, 2 T, one finds that0< C, = 1. As pointed out 
by Chapman and Rubesin,** the above relation retains 
the advantages of the linear form while allowing for 
greater accuracy in the important region of the bound 
ary layer flow near the surface rather than near the 
free stream. 

Ideally, of course, the condition of 
gradient, so that p = constant = /,, is only realized in 
two cases: a cylinder with its generators parallel to the 
flow and a semi-infinite unyawed cone in supersonic 


zero pressure 


sidet 
born 
inve: 

Fe 
press 
certa 
of th 
the t 
be dy 
to de 
paris 
calcu 
ble fl 

In 
equal 
How: 
the c 


so th: 


As 
funct 
the ec 
writir 


and 


Since 





sional 


By mi 
boun< 
equat 


Oy ¢ 
OY 03 


and fe 
oY di 
OY 0: 





| 


Ilin 


dition: 








TRANSVERSE 








ipared fow with an attached shock wave. As has already been 
Orablle pointed out, however, effects might arise from the propa- 
wha: gation of the immediate nose influence downstream or 
uform possibly from a self-induced pressure gradient. These 
wren and other phenomena which have not already been con- 
oe sidered are not taken into account, and this must be 
borne in mind when comparing the results of the present 
investigation with experimental data. 
For all other body shapes and flow conditions, the 
pressure gradient 1s not zero. Actually, however, for 
lverse certain body shapes and flight speeds the contribution 
orable of the pressure gradient might be of a higher order than 
ist be the transverse curvature effect. Therefore, for a given 
lue of body, by an a posteriori calculation it would be possible 
rable to determine the order of the pressure gradient in com- 
der in parison with the order of the curvature effect. Such a 
since calculation has been made by Mark® for the incompressi- 
n the ble flow over a paraboloid of revolution. 
ent is In order to transform the modified boundary-layer 
inted equations |[Eqs. (15) (17)] to an incompressible form, 
tf the Howarth’s transformation” is used. It is defined by 
h the the change of independent variables 7, J to t, }’ where 
er. 
y= : dy (19a) 
* p, 
sothat (0/07); = (0 O0F)y + [(OV/0%)(0/OY)]/ 
(19b) 
0/0¥F = (p/p,)(0/0F) 
learly sient ; 
- As it turns out, it is more convenient to use the stream 
How function y as the dependent variable. It is defined from 
— the equation of continuity [Eq. (5)] which is satisfied by 
ant writing 
pres (p p.)ru = Oy Oy / 
ump- (20) 
sible and (p p.)rv = —Oyp/dx\ 
Since the present paper is concerned with a two-dimen- 
uced, sional analog, it is more appropriate to let 
y=y7/L (21) 
1Sa 
By means of Eqs. (19) to (20) the transformation of the 
con boundary-layer equations gives for the momentum 
same | equation, 
mt Ce | Ww ow ov ow 37, 
ation : ae, a {ee 
semi- OY 070 Or OY? “"OYs 
t the 2L C.y, cosa d (7 i | 
dj (22) 
ro? oY (ors »p ) 
ISb 


and for the energy equation, 


dout fF dF dh dP dk = Cy Oh, = ) 
eV = 





tains tis _ ~~ 
ee OVOr OFOY = Pr oY? oY? 
und 2L C,v, COS a ] O oh f* iy 
the | ry? Prdy\aVJp° ] * 
sure i i av] (23) 
ad in Ol? p 
ie Illingworth® has examined the problem of the con- 
omic 





ditions under which similar velocity and temperature 




















IRVATURE EFFECT 215 





distributions for different values of x can be found in 
compressible planar flow. He concluded that such 
solutions only exist if the external velocity is constant, 
and then, as in incompressible flow, the similarity vari- 
able is of the form y yx. Since to the approximation 
of Mangler the axially symmetric compressible bound 
ary-layer equations can be put into a two-dimensional 
form, then it would appear logical to seek solutions in a 
variable proportional to y yx. That is, the Mangler 
result would provide the so-called zeroth order solution 
for the present analysis. However, even to the ap- 
proximation of Mangler, although the velocity and 
temperature distributions are derivable from ordinary 
differential equations, these distributions are not similar 
in the strict sense. It would nevertheless be of interest 
to determine under what conditions, if any, such “‘pseu 
dosimilar”’ profiles might be obtained without any ap 
proximations in the boundary-layer equations other 
than those already made. If a similarity variable 7 is 
defined as 

9 = [u,/(C»%)| “Y (24a 

then the transformation equations are given by 

(0 OF)y = (0/0%), + [(O0n/0F)(0/On) }] 
24b 

O/OY = [u./(C.»,£)| “*(0/0n) \ 


From the above relations the momentum and energy 
equations [Eqs. (22) and (23)] become, respectively, 
7 2.7 7 27, 27\2 
OY Oy oy O°y I (5 ") 


On OF0n = OF Dy?-— DF 


(<2) oy 2L C.v, cos a O (= [ ok ) 
= ad 
F On® Ty" On \On? J T, . 


and (25) 
Oy Oh Oh OW (f ve) 7 1 Oh 
On OF On OF Pr On? 


: u, * fo*y\? 2L C.v, COs a 
C.Y, : ; = 
a ES . On* ro" 
[1 0 /oh (T u, oy\? (T . 
pam dn a ~ . — Gy 
Pr On \On re Cevek On?/ J T, 


(26) 


i 


With the equations in this form we may now enquire as 

to the requirement for the reduction of these partial dif- 

ferential equations to ordinary differential equations. 
In general one can write 


T )- 


y = (C,y,%,t) T(t, 9) 27) 
and T/T. = rX(, a) 28) 


However, if it is assumed that f and X are functions of 7 
alone, then, on substitution of the above relations, both 
the momentum and energy equations should involve 
only the independent variable yn. If this is done, the 
left-hand sides of both Eqs. (25) and (26) are in fact 
found to be dependent only upon », but the right-hand 
sides involve a function of 7 multiplied by a function of 
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v. Therefore, for similarity to exist the body must 
have a shape such that this function of x, given by 


V C.v,/U. (L cos aV £/r9") 


is a constant. Since sin a = dr dx, then the criterion 
for the body shape is the following ordinary integro- 


differential equation in 79: 


dro . F a 
— ro? dx = constant 74 (29) 
dx 


The equation that Mark® has examined is the ordinary 
differential equation for the velocity distribution in in- 
compressible flow which results when the above relation 
is identically satisfied.f Here, no approximations re- 
garding the order of A 7 have been made, so that the 
ordinary differential equations that result are valid for 
both the nose and downstream regions. The relation 
describing the body shape is nonlinear and no integral 
of it has been found. If, however, the body is assumed 
sufficiently slender so that a? = (dro dx)* and higher- 
order terms can be neglected, an approximation that, 
as has already been noted, is excellent for the regions 


being considered, then Eq. (29) becomes 
S r2dx = constant ro! 


The above relation can be integrated immediately 
to give 7, = constant x. To the order of approxi- 
mation being considered, this is the equation of a para- 
boloid. This same result can be obtained by assum- 
ing at the outset that the boundary-layer equations can 
be written in the cylindrical polar form used in an- 
alyzing the flow over a cylinder. 

Returning to the general case, f and X are functions of 
the two variables % and yn. As noted already in great 
detail, in the present paper we are concerned primarily 
with the downstream region where A/7p is less than or 
possibly of the order of unity. Logically, therefore, in 
order to solve these nonlinear partial differential equa- 
tions in such a region, both f and A could be expanded 
in asymptotic series in powers of a parameter § ~ A//, 
where the coefficients are functions of y alone and & is 
small in comparison to unity. The natural coordinate 
system for these equations would therefore be € and 7. 
In the Mangler region, which is after all a part of the 
downstream region, one finds that the boundary-layer 
thickness on bodies of revolution under zero pressure 


gradient is given by 


| 
5~ (fre ix) 
Fa \s 


Therefore a parameter 


7 A 6 COS a COS a a 
gE~ ~ ~ ro” dx 


ro Yo ro 
is chosen, which when properly nondimensionalized is 
* See Eq. (31) with y = constant and TJ = 7, = constant 


Here, it is assumed that Mark’s variables are redefined in order 
to be consistent with the definitions of the present paper. 
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given by 
E = V Cy,/u, (L cos av Z/r0" BY 


By making a final transformation of coordinates froy 
%, n to £, n the momentum and energy equations be. 


oS» 


come, respectively, 


() \(z oO? 
*\o ~ “)\dn d€d7 


Of of) | oF O*/ 
— f -_ 
OE On" 2° On? On 


re) (5. [ 
2g A dn 3] 
On \On* « : 


or (> fr n) + na (2) fi 7 
<f Aad - te = ) VL e™ Ad 

Pr On \On “ ‘ On*/ « 7 
where 


. 
2 ro" Fo” 

kK = = = “i ro” dx 3D) 
Yo (1 — 79'7) | 707 « 


It must be emphasized that within the boundary-layer 
approximations these equations are valid for all values 
of A/ro. 

When & = constant, it can be seen from the foregoing 
equations that f and X are functions of 7 alone. But 
£ = constant is just the integro-differential equation 
describing the ‘‘near paraboloid’’ which was found pre- 
viously as the criterion for the reduction to ordinary dif- 
erential equations. In other words, when the bound- 
ary-layer thickness varies like the body radius, similar- 
ity in its restricted meaning is possible. 


(3.2) Asymptotic Expansions and Admissible Body Classes 


As indicated previously, f and \ are to be expanded 
in asymptotic series in powers of the parameter &, where 
the coefficients are functions of 7 alone; that ts, 


f(é, 2) = foln) + Efiln) + &fo(n) +... = 


and 


A(E, nm) = Aoln) + EAL(yn) + E 


g=z(Q 
Here, the coefticients are of order unity, and the expan 
sion parameter £ is assumed to be small in comparison t 
unity. It will be seen that the coefficients f; and A; lor 


j => 1 will be functions of 7 alone only so long as the 


body shapes that are considered fall into certain pre 
scribed classes. It is of course these prescribed shapes 
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with which the present paper is concerned. 


[The boundary conditions follow from Eqs. (Sa) and 
Sb) as 
0 "(0 QO for. 0 / 
oa 
| / 0) for. 1\ 
() \ AO Q 7 l 
noninsulated boundary 
() () j > () 
B35b 


(insulated boundary 


\,(9 Q forj7 > 1 


both cases 


Substituting the asymptotic expansions into Egs. 
31) and (32) and equating to zero all terms with the 
same power of £, a double infinity of ordinary differen 
tial equations is obtained. All these equations except 
for the zeroth-order momentum eguation are found to 


In the present paper, only the zeroth- and 


be linear. 
first-order equ itions are considered, but the methods of 
solution can be extended to higher orders if necessary. 


In zeroth order, the momentum equation is given by 


A | T Jolt = U 30 


with boundary conditions f)(0) = fo’/(0) = O and fy’ 
This is of course the well-known Blasius equa- 
tion, the solution of which may be found tabulated by 
Howarth.*’ It is to be noted that to this order the 
Blasius equation describes the flow for all bodies, and 
the shape does not enter the problem except as it is pre- 
scribed in the coordinate transformation which in this 
pproximation is given by Mangler. Of course, such a 
result is to be expected since it has been assumed that 
the pressure gradient is zero. 
For the energy equation, the zeroth-order relation is 


given by 
1/Pr)\\" + (1 


with the boundary conditions A9(0) = A, for heat trans- 
fer or Ap’(O 
For Pr 


equation has already been given [Eq. (10)], while for 


0 with an insulated wall, and Ay(@) = 1. 
| the complete analytic solution of the energy 


Py ~ 1 the numerical solution has been tabulated by 
Croeco* for various values of the Prandtl Number. 

On carrying out the prescribed substitution of the 
symptotic expansions, the first-order momentum equa- 


tion is found to be 


(1 — «)f ti = —2(fo nN (38) 


where 7 SXo(n)dn and where the boundary condi- 
fi(0) = fi’(0) = 
which is defined by Eq. (33), must be equal to a con- 
stant in order that /; 
that prescribes the allowable body shapes in the present 


tions are fi'(e) = 0. Of course, x, 


fi(n), and it is this condition 


analysis. Again, however, the resultant integro-dif 


ferential equation cannot be integrated except when 


ry” = 0, which corresponds to the cone and cylinder, un 


less we limit ourselves to sufficiently slender bodies 
For the sharp nosed slender bodies being considered, the 
slope a can be supposed small so that terms of order a 


ind higher may be neglected, and 
a 2 Sil a 


so that re 


Ss a 


to this approximation. The longitudinal curvature A, is 


given by 
A /(1 3 


Note that the indicated differentiation is with respect to 


distance along the surface and not along the axis. If 


AK, is considered to be sufficiently small, then 
and can be 


is small when compared with 2 neg 


lected, so that the equation + constant reduces to 


Ka tf) 


Of course, in the case of the 


constant 


cone and evlinder, the 


above relation is exact Integration of this equation 


gives two mathematically admissible classes of body 


shapes. The first is ? ax"(n # 1 2), where the 
value of x is given by « 2n (2n + 1), independently of 
a. Since must be finite at the origin, then nm > O 
One might note, that for the evlinder and cone, « 0) 
and 2 Sd» respecti\ elv. The second class of bodies 1s 


ae”, which corresponds to « | for all values of a 
In any event, the exponentially shaped open 


licabilitv 


and 6. 
nosed bodies of revolution have doubtful ap; 
to aerodynamic problems, particularly under the as 
sumption of zero pressure gradient. Nevertheless, as 
will be shown by analogy with the two-dimensional flow 
with pressure gradient, there is some question as to 
whether negative values of even admit a solution to 
the problem. 
Eq. (38) for f;, with different nonhomogeneous func 
tions, has occurred previously in Howarth’s” analysis 
of the problem of an incompressible boundary layer in 
two-dimensional flow under a linear pressure gradient. 
The equations /), fo, . . ., fs occurring in Howarth’s case 
correspond to values of kx = —1 2, —3’2, —5/2,..., 
This mathematical similarity 


bears out the previous ideas regarding the fact that the 


—15/2, respectively. 


transverse curvature effect manifests itself in a manner 
similar to a pressure gradient in a two-dimensional flow. 
If the analogy is carried further, it is immediately evi 
dent why the body shapes that were found were of the 
form rp = ax" andr ae’ Chis follows from the fact 
that in the present problem the body radius, ro(x), re- 
places the external velocity, u,(v), of the two-dimen- 
sional incompressible pressure gradient problem solved 
by Goldstein.** He tried the external 
velocity distributions that would give similar profiles. 


to determine 


The only admissible solutions for the velocity were 
those found above for 7), and, furthermore, in the ex- 
ponential case, Goldstein felt that 6 had to be positive. 
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This was verified shortly afterwards by Hardy.*’ 
Assuming the shapes to be such that «x constant, 
then Eq. (38) is a third-order linear ordinary differential 
equation in /;. The homogeneous equation is, however, 
only a perfect differential in the case of x = 1, which 
corresponds to the exponential body shape. For all 
other values of x, the equation has to be integrated by 
numerical methods, although it is possible to reduce its 
order by writing 
fi(n) = fo’gi(n) | 
(39 


and gi'(n) = h(n) J 

By use of the Blasius relation for fo, the equation in /) 1s 
then reduced to the following second-order linear equa- 
tion in /;: 

fol’ + [Bfo’’ + (1/2)fofo’ IA’ + 


4 Aaa — [(1/2) — x] fy’? } 1; = —2(fo'’no ‘ (40) 


This equation can be numerically integrated once the 
value of « has been selected. Integrations have been 
carried out for /; in the case where « = O and ? 3, which 
correspond to the cylinder and cone, respectively. The 
numerical solutions can be found in Appendix (A) 


The first-order energy equation is given by 


Bins os - 
Pr ™ F5fou —(5—*) fou = 


—y’1 — wht — 27 — DAMA "A" — 


%) 


Py (Ao’no)’ — 2(y — 1) ALP fo"? (41) 


where « and m are as defined previously. The boundary 
conditions are that \;(0) = O for the case of heat trans- 
fer or \,/(0) = Ofor the insulated wall, while \;(~) = 0. 
For Pr 1 the solution is known, but for Pr + | the 
equation must be integrated numerically by methods 
similar to those used in determining /;(7). 

Although only the first-order equations are inte- 
grated in this paper, all higher-order equations could be 
treated in a similar fashion. For example, the second- 
order momentum equation is given by 


+ (2x — 1) (fo’'fe’) + 


E — 2 ) fof —- —9 (| Nodn fi’ + didn py + 
ee ] Pine 
—o- 1) fit + iia Ii . (42) 


Again, this is a linear third-order differential equation 
which can be reduced to a linear equation of second 
order by a transformation of the form of Eq. (39). 
(3.3) Some Numerical Results for the Cone and Cylinder 

jor Pr = 1 

One of the primary quantities of interest is the wall 
shear or skin-friction coefficient c, defined by 

[u(Ou oy) |, 0 

(L/2Z) pit,” 


Cy 


If the appropriate asymptotic expansion is substituted, 
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c,can be shown to reduce to 


C,=2 > #0 


\ a, (Sredx)"; 2-6 
Of equal importance is the local heat-transfer rap, 
which is defined by 
Gg = —[k(OT Ov l, 


In the case of Pr = 
energy equation given by Eq. (10) it is simple to shoy 


|, from the particular integral of thy 


that the local heat-transfer rate is directly related to th 
skin-friction coefficient (Reynolds analogy) by th 


following relation. 


g =—(1 2epp.T uy 1 + [(y — 1) /2]172 — A, be 14 
However, in general, when Pr ~ | then 

¢.. ro sey ; 
q ppl oV Colhe?; > £X,; (0 $4b 


Sroedx Meas 


To simplify the numerical work, the Prandtl Number 


Pr 


is taken equal to unity since, in that case, the Reynolds 
analogy parameter is constant and only the wall shear 
calculation need be carried out. Furthermore, only th 
first-order correction (£ or 7 = 1) is examined. The 
body shapes investigated were the cone and cylinder 
which are after all the only cases where the assumptior 
of zero pressure gradient can be theoretically justified 

For both the cone and the cylinder the results are pre 
sented as the ratio of the skin friction obtained by con 
sidering the transverse curvature effects not taken int 
account by Mangler to the skin friction that one would 


get using the Mangler formulation. The calculation oj 





these values utilizing the numerical integration of Eg. | 
(40) is given in Appendix (B). To first order the result 


for the cone is 


Cr (Cp) = 1 + €[0.517 + 0.913A, + 
O.121(y — 1)AL2] . 4# 
where € = [1/(V/3 tan a)]VC, (Re,), and the sub 


script e represents the inviscid values downstream of the 
conical shock. Strictly speaking, of course, the cone | 
solution should only be valid for supersonic flow with an 
attached shock; however, in Fig. 3, which is a graphof | 
Eq. (45) for y = 1.4, the values are carried down to \/ 
= ( for continuity purposes. For the cylinder the first 
order equation governing the increase in wall shear 1s 


Cr (Cpa = 1 + E[0.684 + 1.407AW + 

O.173(7 — 1)M A] —... (46 
where — = (x/7V C,/(Re,), and the subscript e denotes 
values in the undisturbed free stream far from the 
body. A plot of Eq. (46) for y = 1.4 is given in Fig 
It is of interest to note that the value of the ordinate 
parameter (79/x) V (Re,)./C.[(¢¢ — Cyst) Cy] for Nw = 
and M, = 0 is 2.091, which compares with the value of 
2.100 given by Kelly"! in his note correcting the calcula- } 
Kelly's incompressible 
—().019 





tions of Seban and Bond." 
cylinder values of /,"(0) = 0.696 and f,(© 
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based on his definition of /\(n) | compare favorably with 
the values 0.694 and —0.018 obtained as the limit of the 
present calculations. This would seem to confirm the 
in iweccuracy of the original Seban and Bond calculations. 

From Figs. 3 and 4 it can be seen that below a Mach 
Number of about 3 the increase in skin-friction coef- 
ficient on both the cone and cylinder for the heat-trans 
fer case is practically independent of the Mach Num- 
becomes significant 


ber, although the dependency 


xound ./, = 5 and increasingly important for all 
higher Mach Numbers. 
tion of the increase in viscous dissipation associated 
It is also clear both from 


This is simply the manifesta- 


with the higher flight speeds. 
Figs. 3 and 4+ and Eqs. (45) and (46) that the skin fric- 
tion is larger at a constant € the higher the ratio of wall 
to free-stream temperature. Since & is proportional to 
An, its constancy implies a constant value of the 
transverse curvature parameter.f Finally, from Eqs. 
15) and (46) it follows that for the same surface tem- 
perature ratio and Mach Number on the cone and cylin- 
der, at a constant value of the transverse curvature 
parameter, the skin-friction increase will be larger on 
the cylinder than on the cone. 

From the skin-friction calculations it would seem that 
for £ less than about 0.1 for the cone (somewhat less for 
the cylinder), which corresponds to A 7) in the range 
less than or of the order of unity, the present formula- 
tion is most probably valid since the expansions appear 
toconverge rapidly. It has already been shown that this 
region 1s in a practical range of interest. Therefore, for 
A ro = | the increase in skin friction over what Mangler 
predicts can become important, and this change can be 
determined by the formulation given in the present 
paper. Of course for Pr = | the local heat-transfer rate 
is directly proportional to the skin friction and is given 
by Eq. (44a 


illustrates the first-order correction to the 


Fig. 5 
velocity profiles on the cylinder. By way of example, 
the cases of incompressible flow and compressible in- 
sulated flow with a free-stream Mach Number of 3.16 
ae = The method for calculating 


these distributions is to be found in Appendix (A). As 


10) are considered. 


was to be expected, comparison of the incompressible 
distribution with Seban and Bond's results shows a 
numerical difference, although the character of the curve 
is preserved. Compressibility is seen to increase the 
magnitude of the correction leaving the shape essen- 
tially unaltered. 

A computation of the transverse curvature effect on 
the displacement thickness has been made, the general 
method being given in Appendix (B). The calculations 
are presented only for the case of incompressible flow, 


since the result is primarily of academic interest. For 


the cylinder 6* 6,,* = 1 — O.819& + ., Which again 
checks with Kelly's value of 0.816. For the cone on the 
other hand, one finds that 6* 6,,* = 1 + 0.073& — 


Chis is somewhat surprising since it indicates an in- 


‘Similar results for the circular cylinder and paraboloid of 


revolution are shown in Figs. 9 and 10 of Mark’s paper 


re 
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crease in the displacement thickness even though it is The above relation is nonlinear and generally nop. “ti 
rather small (less than | per cent for & = 0.1). However, integrable, but if the assumption is made that the slope 
it should be noted that when the effect of compressibil- ais small so that cos a & 1, then we have an equation 
ity is considered, the correction does become negative that can be integrated to give rhis 
fora sufficiently large Mach Number, which is what one ra Sy) ee - iia 
might expect in the first place from the favorable pres- — Tad lial, a 
sure gradient analogy. in which case u, « x°% “1 ** Supposing that 7) = ax" and . 
u. = bx”, then similar solutions will exist whenever my 
(4) INCOMPRESSIBLE FLOWS WITH PRESSURE GRADIENT : 
n + (m/2) = 1/2 closet 
In the present section the treatment is extended to ee : a : then 
include the effects of pressure gradient, where the ex- rhis equation shows that for similar solutions to exist in rial 
ternal velocity is of the form u, = bx”, and the flow is 7 ees oe 8 oo re ws — "— exter! 
incompressible. An attempt was made to extend the vate = whe hei To the Rp pCORannseon considered, sional 
analysis in its present form to compressible flows with this is the equation of a paraboloid of revolution and is ternal 
pressure gradient, but it was found that asymptotic ex- the result that nad been found previously. For a thin flow 1 
pansions of the physical quantities in integral powers of cylinder (n = 0) with its generators parallel to the flow portic 
a suitably chosen parameter ~ whose coefficients are the equation shows that similar solutions exist only metri 
functions of 7 was only possible when the external Mach when thei a7 linear external velocity distribution necess 
Number was either a constant of zero. I his - the particular result found by Cooper and Tulin with | 
As before the analysis is begun by applying the gen- using a linearized form of the boundary-layer equations specti 
eralized Mangler transformation, the results being given “ aps oases I, the integro-differential naan gives gradic 
by Eqs. (15) and (16) with p = const. The momentum rT = ae”. Bs hus for similar profiles to exist in this case m = 
equation is further transformed to an &, 7 coordinate sys- te = ce”. A briel discussion os ouch exponential xiall 
tem where flows has already been given in Section (5.2), and they case | 
will not be considered any further here. zerotl 
n = [u./(vx)] *9, dp/dit = —u,(du,/dx) In the general case where / is a function of both # and separ: 
and where y is taken as the new dependent variable, n, a final transformation is made to a g; n coordinate sys- presst 
giving tem where £ is defined by Eq. (30) with C, = 1. Eq presst 
7 - a ae (47) then reduces to metric 
ld (*) (*)’ 4 (“:) (= oy oy =) 7 ; a : mas ies aca 
2 dx \vx/ \On vt] \On O80n — OX On? Edu, (or) 42% (° of Of oY) , aca 
u,.\*? d*p du, 2L cos au, O rob) Ue dk \On dt \On 00m OF On* metric 
7 (*) On ® ™ de ro" x On (, =) L OF (fats ) O'*f & du favor 
(47) a4 cas fa di le On?* up, dk : Phe 
The stream function y is written as Y = (vu,%) * f(%, 7) ae Pa) ( a) . 
so that u/u, = Of/On. ate on On? 
Consider first under what conditions similar profiles 
can be found or when /f(%, 7) = /() alone. Substitution Here, 
of this condition into Eq. (47) gives t(dt/d®) = €[(1/2) — (1/2)(#/u,)(du,/d®) — x] 
; 2 ; subjec 
% oe : (‘") k a + i) , x whereas in the zero pressure gradient case « is defined | it 
u, dt 2 \dn Up, dk 2 by Eq. (33). 
($2) 2 _¢ aA = d’f _f du, _ As before, f(g, 7) is expanded in an asymptotic series | hati 
dy ” dn? dn} u, dk in integral powers of £ where the coefficients are func- pe 
ee df tions of 7 alone. The boundary conditions on /,(y) for | aia 
ro? (” ) ie (; =) j = 0,1, 2,... are also as given previously. In order [ (a9) 
* ‘ that all the /;'s should only be functions of 7, it is re- al al 
where the equation must be independent of z. It fol- quired that t(d§ dt) = constant X & which means that | dened 
lows that (t/u,)(du,/ dt) = constant and x = constant. These me 
(a) (%/u,)(du,/d®) = constani) conditions are satisfied by taking 7) = av" and ue = Foo woud 
. (48) bx”, in which case, (%/u,)(du,/d#) = m/(2n + 1) and I ple 
and (b) (2L cos a/ro?)(&/u,) ‘* = constant \ x = 2n/(2n + 1). The exponential forms of 7 and ™, | cd 
Eq. (48a) can be integrated to give u, « #%, where aisa would also satisfy these conditions but will not be con ind T 
constant. With this form of u,, the second condition sidered. P  ary-la 
can be considered as the following integro-differential From Eq. (49) the zeroth order momentum equation favora 
equation in 7. - ther, « 
fol" + (a + 1)/2]fafo’’ = a(fo’? — 1) tion. 


V1 — (dro/dx)? ave could 
: . r9°dx = const. - a ; 
ro? Here, a = m/(2n + 1) while the boundary conditions third- 
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0) = f,’(0) = 


[his is, of course, the Falkner-Skan equation (see, e.g., 
reference 9, p. 140), the solution of which has been tabu- 
lated by Hartree** for different values of a. The fore- 
going equation corresponds to a two-dimensional flow 
Since 


a 


with an external velocity proportional to x 
closed-nose bodies of revolution are being investigated, 
then 1 0 so that a S |m. Consider now an 
axially symmetric flow over a body of revolution with an 
external velocity u,«<.”" compared with a two-dimen- 
sional flow over sume curved surface with the same ex- 
ternal velocity. It follows that the axially symmetric 
flow is equivalent to a two-dimensional flow with u, pro- 
portional to v*. In order to compare the axially sym- 
metric flow with the two-dimensional flow, it is only 
necessary to compare the two two-dimensional flows 
with external velocities proportional to x* and x”, re- 
spectively. Consider the flow in an adverse pressure 
sradient (m negative) so that it is just separated. Then 
Mm = Meey, SAY. a < m, it follows that the 
axially symmetric flow is not separated (except in the 
Therefore, to 


Since 
case of equality—i.e., the cylinder). 
zeroth order, the effect of axial symmetry is to delay 
separation. Alternatively, if the flow is in a favorable 
pressure gradient (m positive) then since a < m, the 
pressure gradient is less favorable in the axially sym- 
metric case than in the two-dimensional case. Further- 
more transition from a laminar to a turbulent boundary 
layer would tend to occur sooner in the axially sym- 
metric flow than in the two-dimensional flow, since 
favorable pressure gradients tend to delay transition. 


The first-order momentum equation is given by 


2n + m + 1) jie, CR = FE 
fof’ + fy’fy’ + 
2(2n + 1) 2(2n + 1 
| . er 
fo fi = —2(nfo 
(2m =- 1) . 
subject to the boundary conditions 
fi(0) = f,'(0) = fi(~) = 0 


As before, this 1s a linear third-order differential equa 
tion which can be reduced to a second-order linear dif- 
ferential equation by a transformation analogous to Eq. 
39). The solution of this equation contains the princi- 
pal additional transverse curvature effect which, as has 
already been shown, manifests itself as a favorable pres- 
sure gradient in a two-dimensional flow. Thus, one 
would expect that the skin-friction coefficient, for ex- 
unple, would be greater than that given by the Mangler 
iormulation. Such a result has been found by Cooper 
ind Tulin by the use of a linearized form of the bound- 
ity-layer equations in the case of the cylinder, with both 
favorable and unfavorable pressure gradients. Fur- 
ther, one would also expect delayed separation or transi- 
tion. It should be noted that all higher-order equations 
could be obtained in a similar fashion, and all are linear 
third-order differential equations reducible to linear 
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second-order equations by a substitution similar to Eq. 
(39). In concluding this section on pressure gradient it 
might be emphasized once again that the first-order 
effect of transverse curvature and a self-induced type 
of pressure gradient are independent and can be calcu 


lated separately." 
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Appendix A 


NUMERICAL INTEGRATION OF FIRST-ORDER 
MOMENTUM EQUATION FOR CONE AND CYLINDER 
WITH ZERO PRESSURE GRADIENT 


For zero pressure gradient the first-order momentum 
equation as given by Eq. (40) is 


fo'ls’’ + [Bfo’’? + (1/2)fofo’ a’ + 
| fol’? — [(1/2) — x] fo’2fhr = — 2(mofo’’)’ (A-1) 


MARCH, 1956 


where for the cylinder « = 0 and for the cone « = 2 
The general solution of this linear differential equati 
is 


lh = Aly + Bly + lip 


where /), /}: are the complementary functions, /;» js 
particular integral, and A, B are constants that are ¢ 
termined from the boundary conditions. 

Consider first the solution around n = 0 by expanding 
in a power series. Writing /; = La,n‘*’ and substituting 
into Eq. (A-1) gives c = 0 and —2 in the initial equa 
tion independently of the value of x. The value ; 
—2 makes the coefficient in the expansion infinite, an 
if /;, is the solution corresponding to c = 0, then /,, myst 
be of the form log 7 + La,y’. The term log 7 makes 
infinite at r = 0, which is not physically permissible 


and so B=Q0. Therefore, 


l, = Aly + hp A-? 


where A is determined from the boundary condition at 
the ‘‘edge”’ of the boundary layer. This is taken at 

value of » = 8.8 because the zeroth order quantities 
tabulated in reference 27 are only given up to this point 
For the numerical integrations where the value « 

fy)"(n) was needed to five significant figures for larg 
values of n, the equation (p. 56, reference 31) fy"(n) = 
e~*(n — B)?, where 8 = 1.721 and y = 0.231, was 
used. 

Returning to the boundary conditions, we have 


(1/thao)() = fi'(~) = 0 


where 


" 


fi'(n) = fo"gr + fo'l 


However, as 7 > ©, fy"(n) ~ O, and fy’(n) > 1. There 
fore, f;'/(e) = 1,(0) = 0. 

The value of /;; is now found by numerical integratior 
of the homogeneous portion of Eq. (A-1). This was 
done on an I.B.M. Card Program Calculator using the 
second method of Milne (p. 154, reference 32). In order 
to start the integration, the values of /,; and /;;’ must be 
known at four initial points. By means of a power series 
expansion, /;,; and /;,;’ can be evaluated at, say, 7 = 
0.2, 0.4, 0.6. Using two terms in the power series for / 


around the origin—.e., 
fo = (0.33206/2)n? — (0.33206/240)?n 


allowed the determination of the coefficients in /); up t 
n°. The following expansions were obtained. 


cone: /, = 1+ 0.001845? + 0.00001 867° 
cylinder: /), = 1 + 0.016603n% + 0.0005264n' 


The integrations were then carried out at intervals 0! 
0.2 in the independent variable y, up to 7 = 8.8. The 
results are presented in Tables | and 2. Examination 0! 
the asymptotic form of the homogeneous equation shows 
the behavior of /;; with « to be correct. 

With the homogeneous solution known, the particu 
lar integral is then given by 





TABLE | 
































Numerical Results for the Cone 
z Zz J 434 es Van J,4 
cme n n n 
A AB " 41 1 2 3 if 1 | 1 f 2 pb? 
equatio 
0 1.00000 ) fy) ) fe) ) fe) 
0.2 1.00002 -0.13332 -0.00332 -0.00012 0.20000 -0.01333 -0.00022 9 
0.4 1.00012 -0.26646 -0.0132 -0,00094 0240001 -0.05332 -0.00177 -0.00009 
6 1.00040 -0.39888 -0,0297 -0.00316 0.60006 -0.11987 -0.00597 -0.00048 
: 1.00094 -0.52983 -0.05268 -0,00745 0.80019 -0.21277 -0.01411 -0.00150 
‘ 1.00183 ~0.65823 -0.08166 -0.01441 1.00046 -0033162 -0.02744 -0.00363 
is 12 1.00310 -0.78261 -0.11622 0.02454 1220095 0.47580 -0.04714 -0.0074 
‘IP IS 1e4 1.00482 -0.90138 -0.15560 -0.03818 1.40173 “S:§5586 -0.07425 -0.0136 
t are dk 1.€ 1.00702 -1.01265 -0.19882 0205545 1.60291 -0.83586 -0.10964 -0.02299 
, 1.8 1.00965 -1.11450 =0.24470 -060762 1.80457 -1.0487 -0.15396 -0.03610 
2.C 1.01270 -1.20492 -0.29171 -0.1001 2.00680 he S068 -0.20760 -0.05370 
202 1.01602 -1.28199 -0.33828 -0.12652 2220967 -1.52982 -0.27062 -0.07634 
pandin 264 1.01952 -1.34391 -0. 38260 -0.15431 2.41322 -1.79268 ~0634275 -0.10441 
ae 2. 1.02293 -1. 38936 -0.42297 -0.18239 2.6174 -2.06628 -0.42339 -0.13808 
stituting 2.8 1.02609 -1.41741 -0.45767 -0.20914 2.822 #2034726 -0.51156 -0.17727 
320 1.02862 -1.42764 -0.48536 -0.23348 3402786 #263205 -0.60600 -0022157 
al equa 359 1.03034 -1.42041 -0. 50491 =0 225388 3.23377 -2.91714 -0.70518 2 
hi 364 1.03082 -1.39677 -0.51571 -0.26952 3443991 -3.19911 -0.80739 
ue ¢ = 3.6 1.02993 -1.35855 -0.51769 -0.279146 3.64601 -3.47487 -0.91086 
— 3.8 1.02729 -1.30800 -0. 51126 -0.28364 3485197 -3.74172 -1.01388 
» and 1.0 1.02292 -1.24809 0649739 -0.28198 4.0568 -3.99747 -1.11486 308 
hs must 42 1.01657 -1.18188 -0.47740 -0.27527 4.26081 -4.24053 =1021245 -0. 54666 
: bel 1.00846 -1.11258 -0.45293 -0.26420 4.46332 -4..47000 -1.30554 -0.60072 
nakes 46 0.99852 -1.04310 -0.42568 -0.25011 4.66407 -4..68555 -1.39344 -0.65214 
4.8 0.98712 -0.97614 -0.39731 0.23397 4.86263 -4.88742 “117273 -0.70062 
nissibl 520 06974 -0.91356 ~0.36933 -0.21718 500588 -5207630 -1.5523 -0. 74568 
on 542 0.96082 -0.85686 -0. 34285 -0.20047 542523 -5.25324 -1.62357 -0. 78750 
564 0.94656 -0.8067 -0.31876 -0.18490 504312 -5.41950 -1.68969 -0.82596 
506 093198 -0.7633 =0.29748 -0.17076 5663094 -5 057637 -1.75125 -0.86154 
568 2691738 -0.7266 -0.27927 -0.15846 5.81590 -5672529 -1.80888 -0.89436 
A-? 6.0 0.902 -0.6958 -0.26395 -0.14805 5.99788 -5.86743 -1.86315 -0.92499 
602 0.88868 ~0.6703 -06.25135 -0.1 3944 «32208 -6 00399 -1.91463 -0.95373 
ee 604 0.87497 -0.6492 -0.24106 -0613245 6.3533 ~6.13587 -1.96386 -0.98091 
ition at 606 0.86182 -0.63183 -0.23277 -0.12687 6652708 ~6 026394 -2,01120 -1.00683 
: 6.8 0.84925 -0.61725 -0.22604 -0.12243 6269815 -6.38877 =2.05707 -1.03176 
en at 720 0.83728 -0.60495 =022059 -0.11889 6086682 ~6.51099 -2,10171 -1.05588 
antitie 7e2 0.82591 -0.59430 -0.21602 -0.11604 7403310 -6.63087 -2.14536 -1.07937 
‘ 1€S 74 0.81512 -0.58500 -0.21222 -0.11370 7219722 -6.74880 -2.18814 -1.10232 
S point 76 0.80487 -0 57666 -0.20889 -0.11172 7635918 6.86493 =2.23029 -1.12485 
“5 78 0079513 -0. 56907 -0.20595 -0.11001 7251920 -6297950 =2.27175 -1.14702 
alue oj 8.0 0.78585 -0. 56208 -0.20331 -0.10851 7267726 -7.09260 -2,31267 -1.16886 
8.2 0.77703 =005555% -0.20088 -0.10713 7083357 -702043 -2.35308 -1.19043 
rr large Bot 0.76861 -0. 54942 -0.19863 -0.10587 7698810 =763148 -2..39304 -1.21173 
‘ 8.6 0.76056 -0. 54360 -0.19650 -0.10473 8.14104 -7.42416 -2.43252 -1.23275 
7) = 8.8 0.75285 -0. 53802 -0.19449 -0.10365 8.29235 -7253231 2.47164 ~1.25361 
1, wa 
ve 
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Numerical Results for the Cylinder 
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*» fit! %» 2 
Np ln | ort ‘| — — (fo’’’no + fo’’re) lu X 
J0 11°fo'? LJ o ff 
fo’? 
xy dn | dn 


Utilizing Crocco’s integral of the energy equation [Eq. 


(10)], the particular integral may be rewritten as 
) T. J _ a | Vi a (an J 
lip r Ji(n) + 1 + : M,- — Tr. Jo(n) — 
7 — ] 
M.?J3(n) 
Z 
where 


” 


°n f. " 
Ji(n) = —ly ; | fy’ *l11(2 — nfo)dn | dn 
J0 fo’ 4? LJ 0 - P ; 
"9 fy” ad 7 . . 
Jn) = ly ier fo’ *I1(2fo’ — fo*)dn | dy 
J0 fou? Lo 


J3() = el — a.’ 
J0 f] : 


(J fon} 2fo” - forfo’ — 2folfo’’ — fy"O)\dn) dn 
J0 


The zeroth order solution fj, fo’, and fy” which permits 
the evaluation of the foregoing integrals is to be found 
in reference 27. A tabulation of J;(n), Jo(y), and J/3(n) 
for the cone and cylinder is given in Tables | and 2, re- 
spectively. 

The constant of integration A in the complete solu- 
tion [Eq. (A-2)] may now be determined from the 
boundary condition that /; must vanish at the edge of 
the layer, giving 


A = — [/:p(8.8) | [711(8.8) ] 


The following value of A was found for the cone and 
cylinder. 


cone: A = 0.2583 + 0.4563(T7,,/T7,.) + 0.0603 X 
(y — 1)M,? 


cylinder: 


A = 0.3420 + 0.7034(7;,/T.) + 0.0866(y7 — 1)M/,? 


To complete the solution the first-order correction to 


the velocity distribution is presented. 


if, iia 
a = fy” | A(n)dn + fo'h(n) = 


Uu, dn 0 

A (i ‘ lidn + Jills) + T 4 

7 , —t. £; 
So Jidn + fo’) + 414+ - M2 - ; x 

0 9 
” — 

(nr f Jodn + Je) ae 
0 : 2 
(ir | J3dy + fu'Js) 
0 
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The integrals lidn, Jun, | Jxdn, Jy 
~/J J) 7 UV e 


0 e | 
to be found for the cone and cylinder in Tables ] 


2, respectively. 
Appendix B 


SKIN-FRICTION COEFFICIENT AND THE DISPLACEMEN 
THICKNESS 


It follows from the definition of the skin-friction , 
efficient and Eq. (43) that to first order 


Cy/ (Cy) ar 1+ &}[f"(0)]/[f"(0)]! 
C.y, r 
where (Cr)m = 2 0 
Nu, Sritdx 
Now fi(n) = fo’gi(n) and /(n gi'(n), therefore f,"(0) 
= 2f,’'(0)1,(0) since fy’(0) = fy’’’(0 0. Also, /i(n 
Alii(n) + hp(n), and /,p(0) 0, Jin (O 1 so that 


= A. It therefore follows, that 


Cr \Crlus l ‘a 2AéE 


The numerical determination of A for the cone 


cylinder was carried out in Appendix (A If those re 


sults are utilized, Eqs. (45) and (46) are obtained. 
According to Eq. (2) the displacement thickness is 


defined by 


; pu \ r si “ COS a 
j - dy = 6* + 6* 
J 0 Delle a 2r 


while from Eq. (24a) the definition of 7 gives 


/ u l pi 


\ t Ve | S roedx) p, 


dn = 


so that 


CP, (frordx)' [ ( T u ) 
—— dy = 
ro Jo XT, U, 


Vu. 


From Eqs. (34) and (35) the temperature and ve 


locity distributions are expressible as 


= DF AME 
i] 0 

u ane ae 

and -= D> f;'(n)# 
Ue j=0 


Substituting the foregoing expressions and solving {01 


6* to first order in £, one finds that 


5*/by* = 1 + €[(Fi/Fy) — (1/2) Fo] + 
where F; = | (A; —fi)dyn 7 = 0,1 
/7 0 


and b5y* = %0 
V te Yo 


(Continued on page 236) 
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SUMMARY boundary layers and shock waves generated either as 
{ simple approximate theory is developed which is applicable in Fig. 1 or as in Fig. 2. 
interactions with shock waves generated either externally, by It is assumed that there is zero heat transfer to the 
edge in the supersonic mainstream, or from within the bound- wall and the Prandtl Number is unity and that the 
laver, by a sharp bend in the wall The boundary layer is velocitv profiles are either of the form (see List of 
” to remain laminar throughout the region of interaction , 7 
y Symbols 
, The theory, which is based on simple assumptions for the shapes 
tL if the boundary laver velocity profiles, i concerned with overall pu (pl 1) = {tanh m + tanh yl) - m]} 
ffects such as the pressure distribution at the wall. It should 
Sige ke (1 + tanh m la 
ipplicable even when flow separation occurs, though it 1s not 
led to give the precise position of separation. Fair agree- or alternatively 
t with « <periment is obtained 
; ul, = {tanh m + tanh[(V//) — m]; 
lé@ and 
List OF SYMBOLS 1 + tanh m lb 
ose re- 
ed. distance from leading edge measured parallel to wall where 
1eSS js : of position just upstream of region of interaction 

distance from wall measured normal to wall dy p | ( u- (y —] V2 

see Eq. (1b) and just below dV p U? 9 

¥ component velocity 

= wat edge of boundary layer If the term m (a function of x) is put equal to zero, 
in er ee 0°u Oy? is zero at the wall, and the assumed profiles 

Fi = Mach Number at edge of boundary layer - . ‘mil th ae 
are s ‘what s : > Ze yressure gradie 
I = Mach Number in free stream ol a ire aa what a ir ad le zero pressure gradien 

density laminar profile. [Eq. (1b) gives a much more accurate 
density at edge of boundary layer representation of the zero pressure gradient profile 
= density in free stream than Eq. (la).] For positive values of m, 0°u/Oy" is 
oe. positive at the wall, and the profile resembles that 
ul = viscosity in free stream ; ; 

m Soa which occurs when a laminar boundary layer meets 
,n = terms in Eqs. (la) and (1b) ; é - - : 
F,0,s = see Eq. (7 an adverse pressure gradient. For large values of m 
é 0 upstream of shock or wedge apex there is a large region of low velocity fluid near the 

1 downstream of shock or wedge apex wall, rather resembling a well separated laminar 
COS a A = see Figs ‘ 9 ‘ 

oo ree. Sas boundary layer, although the assumed profiles have no 
dy : ‘ pu : pa Ee ; , ; , : 
- 5* = displacement thickness ( (: + ay region of negative velocity as occurs in practice with 

0 pic) : : 
1 ve- Ry we . separated layers. However, experiment shows that 
0 = 6* at position x if — 
R 2 : eer ee these reversed flow velocities are small, so that al- 
= Reynolds Number po lox /uo : chi ; : 
p = static pressure though, of course, the failure of the assumed profiles 
p = static pressure in free stream to account for the backflow region makes the method 
C, = pressure coefficient [2(p — po)] /(yMo%p incapable of predicting the position of separation, 
” C, downstream of region of interaction it is hoped that the method may be able to predict 
Cpr = theoretical maximum attainable Cp upstream of ; e . . . ‘ 
approximately the overall features of the interaction, 

shock or wedge apex - a a ; : 
Cor = experimental Cp just before transition with laminar such as the pressure distribution at the wall, right 

g {or separation, turbulent reattachment through the separated region. 

= distance between Cp = 0.01 and shock or wedge The procedure is straightforward. It is assumed 
apex positions that the term / in Eqs. (la) or (1b) is independent of 
x, so that the shape of the outer part of the velocity 
(1) NTRODUCTION . : : aoe 
i 1) INTRODUCTION profile does not alter throughout the interaction region. 


— E THEORY IS DEVELOPED which is applicable This assumption can be justified either empirically 


to two-dimensional interactions between laminar or by the following argument. 


With weak shock-wave boundary-layer interactions 
the boundary layer, after a considerable length with 
zero pressure gradient, meets a small pressure increase 
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Fic. 1. Externally generated shock striking laminar boundary 
layer. 


with a fairly sharp pressure gradient. In these cir- 
cumstances, the pressure gradient forces will be much 
bigger than the viscous forces in the outer part of the 
boundary layer. Hence the shape of the outer part 
of the boundary layer can be predicted as a function 
of pressure by inviscid fluid considerations by the 
application of the equations of Bernouilli and con- 
tinuity, and such application shows that the shape 
changes little.! 

The method now resolves itself into relating two 
expressions for the pressure gradient. One is derived 
from the fact that at the wall the rate of change of 
friction stress normal to the wall must be equal to the 
pressure gradient, and the other is derived from the 
fact that the pressure is related to the deflection, due 
to the growth of the boundary layer, of the external 
flow from its original free-stream direction. This gives 
a simple differential equation for the pressure dis- 
tribution which can easily be solved numerically. 
The results obtained are in fair agreement with ex- 


periment. 


(2) MATHEMATICAL ANALYSIS 


The deflection of the external flow from its original 
free-stream direction is related to the displacement 
thickness 6* of the boundary layer. 


t= (1 - m) dy 
0 pil 


and according to Eq. (la) 
6* = [/ log(1 + e&”)]/(1 + tanh m) (2a) 


while according to Eq. (1b) 


oo ( = 1] 2 
5* = f = E Pe ne] (1 ee .)dy “ 
0 pi 2 l . 


“pfu u? flog (1 + e*”) 
a mer END ae + 
o a\U, U? li + tanh m 


a =) uf ? + tanh m + 2 tanh m log (1 + — | 
a (1 + tanh m)? f 
(2b) 


In Eq. (2b) the Mach Number at the edge of the 
boundary layer, 4, is replaced by Mo, the free-stream 
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Mach Number, since the effects on 6* of changes jn 
\f, are assumed to be small compared with the effects 
of changes in m. For the zero pressure gradient profile 
upstream of the region of interaction m = 0), so that 
for Eq. (la) 

1 = 6*/log 2 (3a 


while for Eq. (1b) 


= J i (y — 1) » {I , 
[= i /{ og 2);1+ 2 log 2 Mo ¢ (st 


where 6* is 6* just upstream of the region of interaction, 
The pressure gradient along the surface is given by 


So 


dp/dx = [p(0°u/dy?)], <6 
Hence, since 
(u)y=o = wot l + [(y — 1)/2] Mo} 


if the viscosity-temperature relation index is equal to 
unity, where yo is the viscosity in the free stream, 


l Quo (y¥ —- 1 P , 
ae = {1 + : ‘My? | tanh m(1 — tanh m 
dx [? 2 

(4a 
according to Eq. (la), and 


dp/dx = [2yol’o tanh m(1 — tanh m)] + 
(22}1 + [(y — 1)/2]Mo*}) (4b 


according to Eq. (lb). (In these equations terms 
such as Ll, at the edge of the boundary layer have 
been replaced by their free-stream values L’, etc.) 
A relation is needed for the displacement thickness 
5o* in terms of the distance x» from the leading edge to 
the position just upstream of the region of interaction. 


The relation used is taken from reference 2 and is 


do* = 1.721[1 + 0.693(y — 1)Me2](x0/V/R,) (5 
The pressure increases are assumed to be small so 
that 
(p — po)/po = [(yMo?)/(Me? — 1)'"](a + 2) (6 
where a is the angle between the external flow stream- 
lines and that portion of the wall which is at the same 
distance from the leading edge,t « = 0 upstream of 
shock or wedge apex and « = | downstream of shock 
or wedge apex (see Figs. 1 and 2), and @ is as defined 
in Figs. 1 and 2. Where there is a pressure gradient 


t Note that in Fig. 2 the wall changes direction. 
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Fic. 2. Wedge on surface generating shock from within bound- 
ary layer. 
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along the wall, a depends on the distance from the 
wall, since the external flow streamlines converge; 
but it is assumed that Eq. (6) gives the pressure at the 
wall when @ is put equal to dé*/dx. Hence both 
upstream and downstream of the shock or wedge apex 

dp/dx = [(yMo®po)/(Mo? — 1)*](d*6*/dx?) 
and from Eqs. (2)—(5) 

F = d°Q/ds? 
where F = tanh m(1 — tanh m) 
Q = [log (1 + e®")]/(1 + tanh m) 

if Eq. (la) is used, 

log(1 + e?”) = 


1) 
= M,? X 
‘ 1 + tanh m 2 


1 + tanh m + 2 tanh m log (1 + ”] 
(1 + tanh m)? 


if Eq. (1b) is used, 


x [ 1.721 |’x » (7) 
a 2(log 2)8 


[1 + 0.693(y — 1) Mo?) *5,*(Ro) 
(Mo? — 1)'“}1 + [(y — 1)/2] Me? 


if Eq. (1a) is used, and 


xf 1.721 i “ 
s [2(log 2) 


{1 + [(y — 1)/2] Mo}? X | 
fl + 0.693(y — 1)Mo?]'%50*(Ro) “* 
(My? — 1)'741 + [(y — 1)/(2 log 2)].Mo?}"” 


if Eq. (1b) is used. 


In the relations for x/s, use is made of the fact that 
YM.*po = poo’, so that 


(ypoM o*50*) ‘(pol ‘o) = 
1.721[1 + 0.693(y — 1)Mo?]V/Ro 


From Eqs. (2), (3), (6), and (7) it follows that the 
relation for the pressure coefficient 


Cy, = [2(b — po) ]/(yMo*po) 


oy 250* s dQ 466 
: (log 2)(My? — 1)*xds (M,? — 1)” 
if Eq. (la) is used, and 
game t (8) 
C, = , — x | 
(log 2) E — y Me? (M,? — 1)’ ' | 
2 log 2 
sdQ 46 


sds * (Mo? — 1)" 
if Eq. (1b) is used. 


It is easy to solve Eq. (7) since if dQ/ds = T, 
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Fic. 3. Pressure distribution at wall symmetrical about 
position where shock strikes boundary layer or wedge apex 
position. 


d?Q/ds*? = T(dT/dQ) 
so that 


rT dQ 


@) l/s 
= lef, Fi ove | (9) 
ds Q)m=0 
Q Q ‘4 
s-—f5= f dQ/+ l2 f rio | (10) 
(Q)s / (O)m=0 


where § is s at some small value of m and (Q)5 is the 
corresponding value of Q@. Hence dQ/ds can be found 
as a function of s — § by numerical integration. 


a 


and 


(3) RESULTS 


At the position where the shock strikes the boundary 
layer or at the wedge apex (see Figs. 1 and 2), C, must 
be half the final value C,r. This follows from the 
following argument. At the shock or wedge apex 
position there is no discontinuous jump in pressure, 
so from Eq. (8) dQ/ds must suddenly change there. 
3ut there can be no sudden change in the velocity 
profile so that Q does not change. Eq. (9) shows there- 
fore that dQ/ds must reverse sign and from Eq. (8) it 
follows that C, is half the final value. The pressure 
distribution at the wall is symmetrical about the 
position where the shock strikes the boundary layer 
or about the wedge apex, the portion downstream 
being the same as the portion upstream reflected in 
the two axes shown in Fig. 3. Also the boundary 
layer returns to the same profile downstream of the 
interaction as it had upstream. Something resembling 
this symmetrical behavior is in fact observed to occur 
experimentally. 

From Eqs. (7), (9), and (10) it can be seen that if 
Eq. (la) is used dQ/ds is a function of s independent of 
Mo, while if Eq. (1b) is used d@/ds is a function of s and 
Mo. Values of dQ/ds as a function of s for Eq. (la) 
are given in Table la and Fig. 4(a), and for Eq. 
(1b) they are given in Table |b and Fig. 4(b) for the 
Mach Numbers My = 1.5, 2, 3, and 4. From these 
values and Eqs. (7) and (8) it is possible to calculate 
the upstream effect, defined as the x distance between 
the position where the shock strikes the boundary 
layer, or the wedge apex position [where C, = 
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(1/2)C,r], and the position where C, is, say, 0.01. sometimes occur at C,,’s greater than twice the — 
This upstream distance d divided by the initial bound- theoretical C,,’s, but certainly no laminar reattach. 
ary-layer displacement thickness 69* is plotted against ments were found at very large shock strengths. Th, 
the Reynolds Number Rp in Figs. 5(a) and 5(b) for theoretical C,; is a function of Mp» and Ro, and at 4 F 
Cyr = 0.04, 0.08, and 0.12 and Mo = 1.5, 2, 3, and 4. given Mp» varies as (Ro) ‘I [See Eqs. (7) and (s 
The two sets of results are not very different, and since The values of C,, can be compared with certain experi = 
the assumed velocity profiles differ considerably, this mental results’ obtained with boundary layers that sd 
suggests that errors made in the assumed profiles may are laminar at separation but which turn turbulent 
not be very important. On both methods d/é9* before reattachment. The pressure distribution at 
increases with Ro, particularly at the higher C,,’s. the wall is then usually of the shape of Fig. 7, not 
This is because from Eqs. (7) and (S) it follows that dissimilar to the wholly laminar case with separation 
at a given Mo, dQ/ds«(Ro) ‘C,. Hence, since the (Fig. 3) but the pressure gradient downstream of the 
curve of dQ/ds against s flattens off with increasing “foot” on the curve is much steeper. The foot ends 
s [see Figs. 4(a) and (b)], the s distance between the at the transition point, and the pressure coefficient 
values of dQ/ds corresponding to C, = 0.01 and C, = Cyr just upstream of transition is found to be a function | 
(1/2)C,r increases as Ro increases. In addition, Eq. of Afo and Ry only, independent of shock strength Pr 
(7) shows that the x distance increases as the s distance C,r is found to vary approximately as (R are is 
times (Ro) *, so d/é9* increases with Ry considerably while the theoretical C,; varies as (Rp , a somewhat 
more rapidly than (Ro)'‘. Experiment* shows that similar variation. Also the experimental values of 
(/59* increases very roughly as (Ro) *, and the theory C,r(Ro) “* agree in order of magnitude over the range 
is not far from agreeing with this at the higher C,,’s. 1.10° < Ry < 6.10° with the theoretical values of 
In Figs. 6(a) and 6(b) the calculated values of Cyt(Ro) “* (see Fig. S). For most of the cases from 
(d/5o*)(104/Ro) “* for Ro/10* = 2, 6, and 10 and My = which the data for C,r were obtained, the pressure 
1.5, 2, 3, and 4 are plotted against C,” and compared gradient at the top of the foot was very small, so that 
with the experimental results for 1/5 = 2, 3, and 4 it may well be that C,7 is usually nearly the maximum Fi 
and a similar range of Rp.’ The theoretical figures pressure coefficient that the laminar boundary layer 
are of the right order, although experiment shows the can sustain upstream of the shock. Hence the rough 
upstream effect to be much less with the configuration agreement between the experimental data for C,7 and 
of Fig. 2 than with that of Fig. 1, whereas according the theoretical predictions for C,, is reasonable. 
to the theory the results should be the same.f Also If the overall pressure rise attainable is limited as 
according to the experiments (d/6)*)(10'/Ro) “‘ is a the theory predicts and shocks giving a greater pressure 
function of C,» only, practically independent of J/o, rise are used, there must either be transition to turbu- 
whereas the theoretical results show a definite trend lent boundary-layer flow within the region of inter- 
of decrease with increasing 1/0, especially with the action or else separation must move forward right to 
profiles of Eq. (1a). the leading edge; in either case the theory then fails 
The theory predicts that there is a maximum limiting However, it is not certain that there is really a limiting 
value of C,, C,:, attainable upstream of the shock or pressure rise. The theoretical model chosen above in 
wedge apex, since dQ/ds tends to a finite limit as effect makes dp/dx «e at large x, so that p tends 
s— o. According to the theory, therefore, it would to a finite limit, but it would probably be quite possible 
be impossible to have a laminar reattaching boundary to choose another equally plausible model in which, , 
layer with C,r > 2C,,. In the experiments described say, dp/dx«1/x at large x. This model would re- 
in reference 3, laminar reattachments did apparently semble the experimental facts in that the pressure .. 
gradient would fall off downstream of separation, *s 
+ For the externally generated shock case, the theory tacitly 
assumes that the discontinuous changes in velocity profile tIn this connection it is interesting to note that according 
which occur where the shock penetrates into the boundary layer to reference 1 the pressure coefficient at separation varies 
are almost immediately canceled by the reflected expansion. (Ro)~?/4. The limiting value Cp, would, however, not be reached 
This is possibly erroneous.* till well downstream of separation. 
TABLE la 
s—S 0 0.5 1.0 1.5 oe 3:0 3.5 3.0 3.5 ‘ 
dQ/ds 0.039 0.095 0.180 0.295 0.410 0.500 0.555 0.587 0.625 
TABLE 1b 
Mo s — § i) 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 
1.5 dQ/ds 0.077 0.134 0.225 0.333 0.448 0.548 0.628 0.680 0.711 0.730 0.754 
2.0 s—§ 0 0.5 1.0 1.5 2:0 2.5 3.0 3.0 4.0 1.5 x 
dQ/ds 0.071 0 121 0.199 0 301 0.426 0.546 0.648 0 720 0.773 0.809 0.851 Fic 
3.0 s—S§ 0 0.5 1.0 1.5 2.0 3.0 4.0 2.0 6.0 Numt 
dQ ds 0.105 0.160 0.240 0 348 0.460 0 705 0.885 0) 987 1.033 1.048 profile 
4.0 S—S 0 1.0 2.0 3.0 4.0 o.U 6.0 0 x r 
dQ/ds 0.210 0.415 0.645 0.890 1.075 1.200 1.275 1.310 1.42 
— 
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but it would permit the pressure to become indefinitely 
large if the upstream effect were sufficiently great. 

The work described above was carried out in the 
Aerodynamics Division of the National Physica] 
Laboratory, and it is published by permission of the 
Director of the Laboratory. 
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The Matric Solution of Certain Nonlinear 
Problems in Structural Analysis 


PAUL H. DENKE* 
Douglas Aircraft Company, Ine. 


SUMMARY 


The matric formulation of the Maxwell-Mohr equations of 
continuity is applied to the solution of certain nonlinear problems 
in the analysis of indeterminate structures. These problems are 
characterized by the dependence of the flexibility matrix upon 
Nonlinearities resulting from plasticity and 
General 


the internal loads. 
from certain types of buckling have this characteristic. 
nonlinear load and deflection equations are given, and an iterative 


form for their solution by the Newton-Raphson method is 
derived 
The analysis is applied to an indeterminate swept-wing struc- 


Con- 


vergence is shown to be rapid even when plasticity is fully de- 


ture in which the members are subject to plastic behavior. 
veloped. The high-speed digital computer is utilized in the 


numerical solution. 


INTRODUCTION 


— PROBLEM CONSIDERED Is the stress and deflection 
analysis of a class of nonlinear statically indeter- 
minate structures. This class of structures is charac- 
terized by the following properties: (1) Deflections 
produce negligible changes in the basic geometry of the 
(2) The distortions of the individual mem- 
These non- 


structure. 
bers are nonlinear functions of the loads. 
linearities can result from plasticity or from other 
causes. 

Wilder,' in his analysis of a plastic pin-jointed truss, 
wrote the nonlinear load equations in scalar form and 
obtained a solution by iteration. Successive iterations 
showed a tendency to diverge; convergence was ob- 
tained by an averaging process. In the present analy- 
sis, general matrix equations for loads and deflections 
are derived, and a solution of the nonlinear load equa- 
In the 


particular case of plasticity it is assumed, as in Wilder's 


tion by the Newton-Raphson method is given. 


analysis, that the stress-strain curves for the structural 
elements are described by the Ramberg-Osgood rela- 
tionship. This relationship is substituted into the 
Newton-Raphson form to give a new equation applying 
to plastic structures. No conditions for convergence 
are given, but the method is shown to converge rapidly 


in a specific application. 
ANALYSIS 


The Nonlinear Load Equation 


Matric formulations of the equations governing the 
behavior of statically indeterminate structures have 

Presented at the Structures Session, Twenty-Third Annual 
Meeting, IAS, New York, January 24-27, 1955. 

* Strength Analysis Methods Engineer. 
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been presented in references 2, 3, and 4+. The relation- 
ship between the structural deflections and the distor- 
tions of the structural element for statically determinate 


structures is given in the notation of reference 4 by 


A = f,Te (1) 


This equation is simply the well-known virtual work ex- 


pression written in very general and concise form. The 
symbols represent the following matrices: 

A= {A,} 

fa = [fora] 

e= {fe} 
where A, = ath generalized deflection, fa, = &th 


generalized element force in the statically determinate 
structure resulting from a unit generalized dummy load 
coinciding in position and direction with the ath gen- 
eralized deflection, e, = kth generalized element dis- 
tortion. (Throughout the paper the symbols { }, 
| |, [ ], and | ] represent column, row, rectangular, and 
diagonal matrices, respectively. ) 

The term ‘‘generalized force’’ means either a force or 
The terms ‘‘generalized deflection’ and 
refer either to translations or 


a moment. 
‘generalized distortion” 
rotations. More general interpretations are also possi- 
ble and have, in fact, been utilized in practical calcula- 
tion. 

When the element distortions e result only from ele- 
ment forces F, the two quantities are related by the 
Hooke's law relationship 


e=x DF (2) 


where D = [D,,;], F = |F;}, and D,,; = kth generalized 
element distortion resulting form a unit value of the jth 
generalized element force, and F; = jth generalized 
element force. 

In a pin-jointed truss the kth element distortion 
results solely from the kth element force, and D is 
diag mal. On the other hand, the deflection of a beam 
element has, in general, a contribution from both the 
shear and the moment, and D is nondiagonal. The 
symbols D,; are called flexibility coefficients. 

When the elements of the flexibility matrix D are 
functions of the elements of F, the behavior of the 
structure is nonlinear. In reference 4, ) was taken as 
constant, and the following equations for statically in- 
determinate structures were derived on the basis of 
Eqs. (1) and (2), considering the indeterminate struc- 
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ture as a determinate structure acted upon by the ex- CeY + Y Yi 1] 

ternal loads and the redundants: , Wee : . . a 
where Y = Fr“'F, Yr = Fro'F1r, C’ = Fr-'CFp, 

(f7Df)X + f? DF, = 0 (3 oi = biui( Y,), and Fr is a diagonal normalizing matrix 

of constant elements. 

and 

= fy + fX (4) 


where Fy = {Fo}, f = [fn], X = {X,}, and Fy; = jth 
generalized element force resulting from external load 
on the statically determinate structure, f;, = jth gen- 
eralized element force in the statically determinate 
structure resulting from a unit value of the kth gen- 
eralized redundant force pair, and X;, = kth generalized 
redundant force pair. 

Eq. (3) states that the sum of the relative deflections 
at the cut points resulting from the redundants and 
from the external loads is zero. Eq. (4) states that the 
total force in an element is made up of a contribution 
from the external load and a contribution from the re- 
dundants. These expressions are the well-known 
Maxwell-Mohr equations in matric form. 

Eqs. (3) and (4) were derived for structures that be- 
have linearly, but a reconsideration shows that the 
derivation is also valid if the elements of D are func- 
tions of the elements of F. Eqs. (3) and (4) therefore 
apply to the class of structures under consideration. 

Now let it be assumed that 


D = Di(I + ) (5 
where @ = [¢,;], 64; = :;(F;,), and J = unit matrix. 
In Eq. (5), Dr is constant. Evidently D, is the matrix 
of linear flexibilities. 

Substituting D from Eq. (5) in Eq. (3), utilizing Eq. 
(4), and solving for X gives 


X = —(f"™D,f)-f?D(Fo + oF) (6 


Substituting Y from Eq. (6) in Eq. (4) yields 


CoF + F = F; (7 
where C = f(f?Dif)—f* D1 (S) 
F, = (I — C)Fp (9 


By comparing the expression for F; with Eq. (19) of 
reference 4, it can be verified that F, represents the 
forces in the linear structure. 

Eq. (7) is the general load equation for structures of 
the class under consideration. Since the elements of @ 
are functions of the elements of F, the equation is non- 
linear. It is worthy of note that Eq. (7) is in the form of 
a standard set of simultaneous nonlinear equations, and 
therefore standard methods of solution apply. 


Deflections 
Deflections can be calculated as in reference 4 by 


A = fs’DF (10) 


Normalized Form, Diagonal Flexibility Matrix 


Consider the case where D, D;, and ¢ are diagonal. 
In this case Eq. (7) can be written in normalized form as 


Newton-Raphson Solution 
A set of simultaneous nonlinear equations in the un 

knowns Y, can be expressed in matric form as 
Z=0 |? 


where Z = {Z,}, 2; = Z:(Y 
The Newton-Raphson form for the solution of Eg 
(12) can be written matrically as follows: 


(ZA) a [Yas — Yo] + Zw = 0 13 
where Y = ) V ' and A is a matric operator defined as 
A = ((6/0F¥,) (0/OF¥s): ....] 


Eq. (13) is a relationship between the matrices Y,,, and 
Vis, Which are successive approximations to the 
matrix of unknowns Y. 

The Newton-Raphson equation is perhaps unfamiliar 
in its matrix form for many independent variables, but 
if one considers a single variable the matric equation 


reduces to 
(dZ/dY il Y es — J) _ ea = 0 
Li 


or Yin = Yi - : 
(dz /dY), 


The latter equation expresses the iterative method, com- 
monly known simply as Newton’s method, for finding 
the roots of the equation Z(Y) = 0. 

Applying Eq. (13) to Eq. (11) gives 
[C’1@VJA + LT} [Von — Yo) + 


C'da Va + Yw — Yt =9 
Therefore, 


Viun = Vo + (C’{OV}A + Im X 
iv. =~ Cases ~ Val 


Plastic Structures 

For plastic structures one can utilize the Ramberg- 
Osgood equation® to derive ¢. According to this equa- 
tion tensile strains are related to tensile stresses by 


e= e+ (3/7)a" 


where « = e’E/S,, o = S/S, e’ = strain, S = stress, 
and S, = secant yield stress, equal to the ordinate of the 
intersection with the stress-strain curve of a_ line 
through the origin having a slope equal to 0.74 
Therefore, 
(e'E/S,) = (S/S) + (3/7)(S/S))" 

If the 7th structural element is an axially loaded mem 
ber, then in the present notation e’ = e; Ly, S = F; Ay 
and S, = F,, A;, where A; is the cross-sectional area of 
the member. Also take Fi; = Fr;. Therefore, 
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L 3 L F,\" 
é.= F Fr; : 
( =) +7 FR (75) (=) 


If the 7th element is not an axially loaded member the 
above equation can still be applied, provided it gives 
the correct relationship between force and distortion. 
If the Ramberg-Osgood equation does accurately repre- 
sent this relationship for all members, then the D matrix 
is diagonal, and 


Dj; as Cixi F; 
Therefore, 


Diy = Drill + (3/7)(Fi/Fr,)"—"] (15) 


L, 
Dri _ ( ) 
AE 1 


It is clear by comparing Eqs. (5) and (15) that 


where 


Gu:= (3/7) 7" 
In matric form 


@ = (3/7) Y*" (16) 


where Y? = [Yj]. 
Substituting Eq. (16) in Eq. (14) gives 


Yosuy = Yay + [nCrVqy?"—' + I)“ X 
[Yn — CrV¥un™"Vuy — Yoo] (17) 
Cr = (3 7) Fr CFr (18) 


where 


In order for Eq. (17) to apply, the members of the 
structure must satisfy the following conditions: 

(1) Each member of the structure must have a load- 
distortion diagram that can be approximated satisfac- 
torily by the Ramberg-Osgood equation over the range 
of loading to which the member is subjected. 

(2) The load-distortion diagram must be symmetric 
with respect to the origin. 

(3) The Ramberg-Osgood exponent » must be the 
same for all the members. 

(4) The flexibility matrix must be diagonal. In other 
words, any given element distortion must depend only 
on the corresponding element force. 

(5) During the loading process there must be no un- 
loading of any member after it has yielded. 

If the above conditions are met one can utilize Eq. 
(17) in the analysis of structures that have members 
carrying other than axial load. These conditions are 
somewhat restrictive; however, it is possible to begin 
again with Eqs. (7) or (14), choose a different form for 
the matrix ¢, and derive equations similar to Eq. (17) 
which apply to other cases. 


Initial Approximation 


It is natural to choose the linear distribution V, as 
the initial approximation to the true distribution Y. 
But if solutions are being obtained for successively in- 
creasing values of external load, the best approximation 
to Y for a given loading could be the true distribution 
obtained for the preceding case. 


Convergence 


No conditions for the convergence of Eq. (17) are 
given; however, convergence is very rapid in the ex 
ample that follows. 

The nonlinear equations can have more than one set 
of real roots. The significance of the possible existence 
of these multiple roots needs further study to be under- 
stood; however, the roots converged upon in the ex- 
ample are intuitively reasonable. 


Application 


The simplified swept-wing structure shown in Fig, | 
was analyzed accounting for plastic behavior. Fig. 2 
shows the numbering of element forces and distortions, 
Element forces in spar caps and rib caps were taken as 
average axial loads; element forces in shear panels were 
taken as shear flows. Spar web stiffeners were assumed 
rigid, while the outboard bulkhead and bulkheads at 
the side of the fuselage and at the plane of symmetry 
were assumed rigid in their own planes, but free to warp. 
Structure and loading were symmetric about the air- 
plane plane of symmetry. Bending loads Py were ap- 
plied to the structure at the outboard end. 

Fig. 3 shows the loads assumed to have been acting 
on the triangular shear panels when unit shear flows 
were acting on the mutually perpendicuar sides. It 
was assumed that a uniformly distributed tensile load 
acting along the hypotenuse could be replaced by con- 
centrated loads at the adjacent corners as shown. 

The structure had five redundants numbered as in 
Fig. 4. The figure also shows the unit vertical dummy 
load applied at the center of the outboard bulkhead for 
the purpose of computing the vertical deflection at that 
point. 

Table 1 gives sizes of members, elastic moduli, and 
the forces Fr causing stresses equal to the 0.7£ secant 
yield stress S,. The table also gives the linear flexibility 
matrix D,. 

Fig. 5 shows the stress-strain curves used in the analy- 
sis. For these curves & = 107 Ibs. persq. in., G = 4 X 
108 Ibs. per sq. in., S; = 45,000 Ibs. per sq. in. for ten- 
sion, 27,000 Ibs. per sq. in. for shear. The Ramberg- 
Osgood exponent was equal to 20. 

Table 2 gives the matrices f, Fy, and fy. These 
matrices were computed by the method of reference 4, 
but they can also be derived directly from the equations 
of statics. Omitted elements are zero. 

A program was designed for the solution of Eqs. (5), 
(9), (18), (17), and (10) on the high-speed digital com- 
puter, and the required calculations were made. Table 
3 presents the resulting load distributions and deflec- 
tions for two values of external load. Loads 1 to 12 are 
in Ibs., loads 13 to 24 are in lbs. per in., deflections are 
in inches. The method converged to four significant 
figures in two iterations for the 160,000-Ib. load. For 
the 200,000-lb. load six iterations were required to give 
convergence to four significant figures. In both cases 
the initial approximation was the linear distribution. 
For the higher loading condition the reduction in load 
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Fic. 8. Comparison with experimental results. 


at the center of the rear spar cap resulting from plas- 
ticity was ten per cent. Note that all axial loads were 
given at element centers; axial loads at other points can 
be obtained from statics. Figs. 6 and 7 compare the 
linear and nonlinear distributions of axial and shear 
stresses for the 200,000-Ib. load. 

Fig. 8 presents the load distribution in a simple struc- 
ture computed by the present method compared with 
the experimental results of reference 6. The figure also 
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shows the convergence. In this case the Ramberg-Os. 
good exponent m was equal to 40. 


CONCLUSIONS 


General equations have been presented for the stress 
and deflection analysis of statically indeterminat 
structures that are characterized by the dependence oj 
member flexibility upon member load. For cases where 
the flexibility matrix is diagonal, the Newton-Raphson 
method has been applied to give an iterative form for 
the solution of the nonlinear equations. For plastic 
structures this form was particularized through the in 
troduction of the Ramberg-Osgood relationship, and in 
an actual problem the iterative application of the form 
was shown to be rapidly convergent. 
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The Transverse Curvature Effect... 


(Continued from page 224) 


For the case of Pr = 1, and zero pressure gradient 
Crocco’s integral [Eq. (10) ] gives 


Fy = = lim (n — fo) + (y — IMEfo"(0) 


"i mae 


y—1 i? 
F, = - (? M2 4 *) filo) + (y — 1)M? X 


| I "fidn 


Therefore, for incompressible flow the coefficient of the 
first-order correction to the displacement thickness 1s 
simply —fi(~). But for incompressible flow 


fi(n) = fo’(n) | (A/i1(m) a Ji(n) |dn 
J 0 


~ [Alu(n) + Si(m) Jdn 
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tain 
stru 
adv 
requ 
clus 
pres 
pr yt 
rato 


beca 


rg-Os- 


Stress 
minate 
“nce of 
where 
iphson 
rm for 
plastic 
the in- 
and in 
e form 





s, The 
pplied 


'10n 
943 
ethod 


rtiona 


f the 


SS 1S 





The Divergence of Supersonic Wings 


— 


Including Chordwise Bending’ 


M. A. BIOTT 
Cornell Aeronautical Laboratory, Inc. 


ABSTRACT 
The static aeroelastic stability or divergence problem is in- 
vestigated for thin supersonic wings when not only the spanwise 
bending and twist are taken into account but also the chordwise 
bending The problem is treated in successive phases of in- 
reasing complexity from the two-dimensional curling-up of the 


leading edge to the three-dimensional stability of the cantilever 
ving. Several methods of approach are developed including 
nonlinear aspects of the structure and the aerodynamics 
Results indicate a strong dependence of stability on Poisson’s 


ratio and the magnitude of the deformation 


INTRODUCTION 


T Nig PROBLEM OF STATIC AEROELASTIC stability or 
divergence is usually dealt with by introducing cer- 
tain simplifying assumptions, including that the wing 
The 


advent of supersonic flight and the use of very thin wings 


structure is rigid along the direction of the ribs. 


requires a re-examination of the problem and the in- 
The 


present paper is a review of the investigation of this 


clusion of chordwise bending in the analysis. 


problem in the supersonic speed range carried out dur- 
ing the past years by the Cornell Aeronautical Labo- 
ratory. Many details of the analysis had to be omitted 
because of space limitations. For specific treatments 
of each problem the reader is referred to the C.A.L. 
reports listed in the references. ft 

The methods are developed with the assumptions of 
a lift proportional to the local slope. However, for 
cases when this assumption does not constitute a valid 
approximation, this is not a limitation, since three- 
dimensional aerodynamic theory may readily be intro- 
duced by evaluating the corresponding generalized 
aerodynamic forces. Linear aerodynamic theory is 
also used in most cases, but it is shown how modification 
of certain coefficients makes it possible to account for 
wing thickness and nonlinear effects of aerodynamic 
origin. The nonlinear elastic behavior of the wing due 
to finite deformation and the generation of membrane 


stresses are also discussed. 


Presented at the Aeroelasticity Session, Twenty-Third Annual 
Meeting, IAS, New York, January 24-27, 1955 

*The writer is indebted to Mr. A. Donovan of the Cornell 
Aeronautical Laboratory for suggesting this investigation and to 
Messrs. S. Slutsky and M. Kochen for assistance in the analytical 
and numerical work. The investigation was carried out partly 
under the sponsorship of the Bureau of Ordnance, US Navy, as 
part of Contract NOrd-10057 

t Consultant. 

+ Requests for these reports should be addressed to Cornell 
Aeronautical Lab« ratory, Inc., Box 235, Buffalo 21, N. Y 
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The theory is developed by considering a succession 
The ‘‘curling-up”’ 


of a leading edge facing a supersonic stream is treated 


of cases of increasing complexity. 


in Sections (1) and (3) as a two-dimensional problem. 
Section (1) deals with the stability of a wedge-shaped 
» 


profile and Section (3 
deals with the deflection of a wedge under 


with that of a biconvex profile. 
Section (2) 
conditions of stability but with an initial angle of attack 
This introduces the concept of amplification factor, 
which is a measure of the increase in lift and overturn- 
ing moment caused by the elasticity of the structure. 
The results that are made to include the significant 
features of the nonlinear aerodynamic theory are used 
to extend the analysis to the three-dimensional prob 
lem as developed in Section (4) by a procedure desig 
nated This 
developed in a simplified form by neglecting the anti 


as the “‘strip method.”’ method is first 


clastic effect produced by Poisson's ratio. However, 
extension of the strip method in Section (7) to include 
both the anticlastic and nonlinear effects shows that, 
although the anticlastic effect has a strong influence on 
the stability for infinitesimal deformations, this influ 
ence tends to vanish rapidly for deflections of the order 
of the wing thickness. This fact enhances considerably 
the practical importance of the simplified strip method 
In Section (5) the equations are solved rigorously on 
the basis of the theory of plates of uniform thickness 
and results compared to that of the approximate theory. 
Section (6) treats the cantilever wings of double wedge 
The 


success of this latter approach depends, of course, 


section by a method of generalized coordinates. 


entirely on the suitable choice of the coordinates, a 
choice that is made possible by proper interpretation of 
previous results. The results that are valid only for 
infinitesimal deflections show a strong dependence of 
the stability on Poisson's ratio. This is a consequence 
of the influence of Poisson’s ratio on the anticlastic 
curvature of the wing in bending. The nonlinear as- 
pects of the theory are discussed in Section (7), and it 
is shown that the membrane stresses set up by the 
finite deflection greatly minimize the anticlastic effect 
as soon as the magnitude of the deflection becomes of 
the order of the wing thickness. The theory is de- 
veloped by extending the simplified strip method of 
Section (4) to include the anticlastic effect. For small 
deflections the twist is shown to satisfy an ordinary 
differential equation of the fourth order along the span, 
and the nonlinearity appears as a modification of the 
coefficients in this equation. This approach has also 
the advantage of lumping all the variables of the prob- 








“a 


lem into two basic parameters. The influence of non- 
linear aerodynamics is also discussed in this section, 
and appropriate correction factors are introduced which 
depend upon the Mach Number and the wing thickness. 

The present theory must be considered as a first 
step yielding information on the nature of significant 
parameters, an evaluation of the efficiency of various 
methods of calculation, and simple procedures for the 
approximate determination of the stability. The re- 
sults should be particularly useful in choosing appro- 
priate generalized coordinates and procedures for accu- 
rate computation with automatic computers. 

It should also be noted that the methods and equa- 
tions derived in the present theory cover a wider field 
than just the divergence problem since they are directly 
applicable to the calculation of aeroelastic stability de- 
rivatives required in problems of control. 


(1) THE LEADING-EDGE INSTABILITY 


Before we attempt to deal with the stability of the 
wing as a whole, it is essential to analyze the properties 
of the leading edge of a supersonic wing from the stand- 
point of its aeroelastic stability. It will be shown here 
that it exhibits an instability of its own such that for 
zero angle of attack it tends to ‘‘curl-up.” 

This phenomenon admits of an exact analysis by con- 
sidering a cylindrical wedge of trapezoidal section sym- 
metric about its center line, whose thick edge of thick- 
ness h is clamped while the thin edge of thickness ah is 
facing a stream of supersonic velocity V, as shown in 
Fig. 1. 

The chord of the wedge is /. When the wedge is 
undeformed, there is no lift on the structure. The 
problem is to examine the stability of this structure 
with the assumption that it is an elastic, isotropic, and 
homogeneous solid. 

The problem has been given detailed treatment in 
reference 2. The wedge structure is considered as a 
beam while the aerodynamic forces are derived from 
the two-dimensional linear supersonic theory—i.e., the 
local lift is assumed proportional to the local slope of the 
center line. The local lift per unit area is 


gq = — (4M VM? — 1)(pc?/2) (dw/dx) (1.1) 
where w = the upward deflection of the center line’ 
p = air mass density, c = velocity of sound, and Mf = 
V/c = Mach Number. The wedge deflection 


equation is 


(d?/dx*) [E\I(d?w/dx*)] = q (1.2) 
with k; = E/(1 — v?) a “reduced’’ Young’s modulus 
for two-dimensional strain, HK = Young’s modulus, 
v = Poisson’s ratio, and / = moment of inertia per 


unit span of the cross section about a spanwise axis 
through its center iine. 

The x axis lies along the direction of the stream ve- 
locity, V, and it is convenient in the present problem to 
place the origin at the intersection of the top and bot- 
tom faces of the wedge. The moment of inertia may 
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then be written 
Il = h*x*/(12i,°) (1.3 


with 1 = 1/1 -—a) (1.4) 


Combining Eqs. (1.1), (1.2), and (1.3), we may write 
the stability equation as 


(d?/d&*) [&(da/dt)] + kia = 0 (1.5 
The nondimensional variables are 
f= “/h 
a = — dw/dx 
and the stability parameter is 
ky = 24 (M?/V M? — 1) (pce?/F)) (h/h)*? (16 


It is readily seen that Eq. (1.5) is not of the self-adjoint 
type. The present eigenvalue problem, therefore, 
differs essentially from the usual vibration or elastic 
stability problem. The general solution for Eq. (1.5) is 


a= Ce" + C2t”" + C3” (1.7 
where i= 6-1: <= 1,3,35 (1.8) 
and z, are the three roots of the cubic equation 
aja? — 1) +k, = O (1.9) 
This equation has a real root 
a<-— ] 
The two other roots may be expressed in terms of 2, as 


= —(z,/2) + (1/2) V4 — 32,2 | 


a 


te 


) (1.10 

3 = —(2:/2) — (1/2) V4 — 332,? 

The latter roots are complex conjugates if 
ky > 2/(3 V3) = 0.3849 (1.11 


In this case, also 2} < —2 V3 = —1.1548. 

Introducing the general solution, Eq. (1.7), into the 
three boundary conditions 

a=0 fort =., / 

» (1.12) 
§(da/dt) = (d/dé) [&(da/dt)] =O fort =a 
we find a characteristic equation that may be written 
in two different forms depending on whether the roots, 
Z. and g3, are real or complex. 

In the first case—i.e., for k; < 0.3849—the charac- 


teristic equation is 


Bz . 1) 1 32:/2 2 one 32 l 
(a + 1) ( ) a3 sinh (2 log ) + 
24 — 1 a 2 ” 


l 
B(2z; + 1) cosh (2 log ) = 0) 
a 


/ 
with B = (1/2) V4 — 332,? (1.13 
For a given value of a, this may be considered an equa- 
tion for the characteristic parameter k;. It is easily 
verified that for values of a such that 


O<a< i 
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there are no real roots k, since all three terms of Eq. 
1.13) are always negative. Hence we must have k; > 


0.3849 and the characteristic equation becomes 


ine + 1) f1\*"? 243, 
pas ( ) T — sin (2 log ) + 
a — | a 2 a 


l 
B’(2z, + 1) cos (2 log ) = 0 
a 


with 

B’ = (1/2) V 3a,? — 4 (1.14) 
This equation has an infinite number of roots corre- 
sponding to different modes of instability. The lowest 
value of k; corresponds to the mode of lowest stability. 
Eq. (1.14) may be solved for this value of &; as a func- 
tion of a. Actually, we choose to refer the stability 
parameter to the actual chord / instead of /;. The 
corresponding stability parameter is then 


k = 24 (M?/V M? — 1) (pc?/E,) (l/h)* (1.15) 
This parameter is related to k; by the relation 
k = ki(1 — a)? (1.16) 


The lowest critical value, k,, of k versus a is given by 


Table 1. This value of k, versus a is plotted in Fig. 3 
as the curve marked A. 
The limiting value k = 6.33 for a = 1 has been cal- 


culated directly from the case of a slab of uniform thick- 
ness—i.e., by solving the simple equation 


(d'a/d#*?) + ka = 0 (1.39) 


with E=</l 


It remains to be seen what the stability becomes in 
the case of a = 0. This corresponds to either the case 
of an infinite chord or an infinitely sharp leading edge. 
It is seen that the boundary conditions are 


a=0@0 fort = 1 


Sida dt) = (d/dé) [#(da/dt)| = O for~ = O (1.18) 


f 
The last two conditions are satisfied if any of the ex- 
ponents, m;, appearing in the general solution, Eq. 


1.7), is such that 
Re (m;) > — 1* (1.19) 


All these conditions are satisfied if C} = 0 and C, = 
-C;. Hence, the particular solution satisfying the 


boundary conditions (1.18) is 


a = C,(¢" — $") (1.20) 


A deflection occurs whatever the value of & or &. 
Hence, the case a = 0 is always unstable. Let us 
examine the significance of expression (1.20). If k < 
2/(3V 3) = 0.3849, the exponents m,: and m; are real 
and negative; hence, the slope a is infinite at the lead- 
ing edge. For k > 2/(3V 3) the exponents are com- 
plex conjugates, and we may write 


* ° ‘6 ” 
The notation Re means “real part of. 
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+8 . » ‘ , 
a = C’t’ sin (¥ log &) (1.21) 


with g= —(z,/2) -—1; y = (1/2) V 32,7 — 4 
In this case the slope oscillates between negative and 
positive values an infinite number of times as we ap- 
proach the leading edge, while the amplitude tends to 
infinity or zero, depending on whether 8 < O or 8 > 0. 
We may therefore conclude that the infinite insta- 
bility of the infinitely sharp leading edge is due to the 
singular behavior of the mathematical solution and the 
breakdown of the assumptions of linearity on which 
the theory is based. The actual physical stability 
must depend on the interplay of two factors. One of 
these factors is the departure of the aerodynamic forces 
from the linearized expressions assumed in the present 
theory. The other factor is the departure from 
linearity of the geometry of finite deflections and de- 
formations. Further studies, both theoretical and 
experimental, are necessary to determine the stability 
where such factors as nonlinearity must be taken into 
account. It may be concluded that the stability will 
not only depend on the relative bluntness a, but on the 
absolute size of the leading edge—.e., on a scale factor. 


(2) AMPLIFICATION FACTOR FOR LIFT AND 
OVERTURNING MOMENT OF A WEDGE 


In the previous paragraph we have considered only 
the stability problem. For further extension of the 
theory it is useful to examine what happens when the 
root of the wedge is given a certain angle of attack, 
under conditions where the wedge is still stable. Be- 
cause of the tendency for the leading edge to curl up 
under a positive angle of attack a, the overturning 
moment .V at the root is greater than the value of this 
moment if the wedge were rigid. In the case of a rigid 
wedge the moment would be 


No = (M?/V M? — 1)pc*Pa (2.4) 


The ratio of the actual moment NV to the rigid wedge 
moment .Vy is equal to an amplification factor that 
has been evaluated for various values of the bluntness 
a. This has been done in more detail in references 2 
and 3. By solving the wedge problem as above with 
a boundary condition that the root is rotated by an 
angle a and computing the bending moment .V at the 


root, it is found that the amplification factor 

Ry = N/No (2.2) 
may be represented empirically as 
Ry = [1 — Ax(k/k.) — By(k/R,)*]/ [1 — (R/R,)] (2.3) 


when k is the parameter defined in the previous section 
and k, is the critical value of this parameter for insta- 
bility. This parameter is a function of a through the 
value of k, represented by curve A of Fig. 3. 
The coefficients A; and B, are also functions of k,. 
We have 
A, = 0.325/k, 
(2.4) 
B, = 0.250/k.2 - 
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Fic. 1. Straight wedge in the two-dimensional problem 
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Fic. 2. Coordinates for the wedge. 
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ic. 3. Critical value of the stability parameter for the straight 
wedge (A) and biconvex wedge (B). 





Fic. 4. 


Wedge with initial angle of attack. 
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TABLE 1 
Critical Value of the Stability Parameter, k, for th 
Dimensional Straight Wedge as a Function of Bluntness Fa¢ 
a * 
O+€ 0384 
2000076 528 
2020), 1.0); 
069 1.51 
21055 1.79 
e177 2025 
e2h1 2.63 
60 3-78 
582 4.39 
2660 e7h 
0712 4.99 
823 5251 
0981 6427 
1.000 6.33 
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TABLE 2 


Stability Parameter, k, for the 


1 


Dimensional Biconvex Wedge as a Function 
of Bluntness Factor, a 











0.005 
0.01 
0.02 
0.05 
0.20 
0.50 
1.00 
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3037 
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503k 
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\ similar derivation may be made for the lift ZL. If 
the wedge were rigid, the lift would be 

Lo = (2M?2/V M? — 1 pe la 2.5) 
Defining amplification factor for the lift as before, 
we write 


Ry L/Lo 2.6) 


\gain an approximate empirical expression for this 


factor may be found and written 


R, = [1 — Ao(k/Re) — Bok/ke)*]/ (1 — (k/Re)] (2. 
with the constants 

A» 0.15 + (0.40), 

By 0.160 /R, 


The empirical values given above break down, of 
ourse, aS we approach the case a = 0. However, 
they are reasonably good down to the value of a@ = 
0.02. 


3) STABILITY OF THE BICONVEX LEADING EDGE 


o 


In order to evaluate the influence of the shape of the 
cross section, let us now investigate the stability of 
the leading edge of biconvex cross section as shown in 
Fig. 5. 

The problem is treated in reference 4. Unfor- 
tunately, it does not lend itself to a closed mathematical 
solution as the previous case. The boundaries of the 
profiles are assumed parabolic so that the moment of 
inertia per unit span is distributed according to the 
formula 


IT = (h3/12) [1 — (x/h)?] 3.1 


The problem is conveniently formulated by means 
of an integral equation. In order to facilitate the solu- 
tion from the standpoint of numerical accuracy, it is 
useful to distinguish between two cases. One case is 
that of a relatively blunt profile such that for instance 
1>0.2. The other case is for the sharper leading edge 
where a < 0.2. In the latter case we may expect the 
singular behavior of the leading edge to become in- 
creasingly important as the sharpness increases. In 
order to take this effect into account, we separate the 
profile into two parts. One section, A (Fig. 6), which 
isnear the leading edge, is assumed to behave similarly 
to a straight wedge as considered in Sections (1) and 
2) above. The base of the wedge A is taken to be 
Uh with a’ 0.2. The effect of this wedge is then 
replaced by its moment and lift on the remaining part 
B of the profile. The integral equation for the slope 


may be written as follows: 


. k yi~—s" P 
a(t) = v(&, nha(n)dn + 
(V1 —a)* Jo 


I, 1" Rx 1" l; . ” 
1,2 1 “Tay At 


SUPERSONIC WINGS 241 


fad 


In this expression the eigenvalue parameter & is the 
same as defined for the straight wedge. 


k 24 (M7/V AM? — 1 pc?/ FE) (l/h Se 


The variable é is 


g=x/l 3.4 
The kernel for & < nis 
aif En En 
Y\S> 7 1a —# g 1— ¢ 
) i i +¢ l l | _ 
n log _ + dd 
16 (ig: f{qd-é { 
and for& > 7 
YS) 7 Y\2 7 
a, is the slope at the abscissa l’, (& V1—a’ 
We also have the functions 
Pe dé l c 
F, g T 
Jo (l—é $(1—¢ 
} é 3 l bs 
ae log 
Sil—é 16 —& 
. *V1l-—a’ - é ~ 
F(a’, &) = dé 3.0 
7 (] — 2 
] & Vi1i-—- a’ 5 x Vi- a’ 
$f (1 —€ S l— & 


3 . l1+¢ | 
Vi-a log _ — 
16 i= he =z 1 


The factors Ry and R, are amplification factors for 
part A of the profile. They express the fact that if 
the slope is a, at x = /’, the partial wedge A produces 
a lift and moment greater than if it were rigid. Thes« 
factors are given by expressions (2.5) and (2.7). How 
ever, we must remember that the parameters in these 
expressions now refer to the wedge of base a’h and lead 
ing edge thickness ah. The bluntness factor of this 


wedge A is therefore 


The stability parameter, k, in Eqs. (2.5) and (2.7 


must also be replaced by 
k” = Ril" /1)* [1 (a@’ 3.8 


The critical value, k,, in these formulas is that corre 
sponding to the bluntness a”. 

The integral equation (3.2) is a rather complex one 
since the unknown eigenvalue, k, appears nonlinearly 
in Ry and R;. However, it may be conveniently 
solved by an iteration procedure that is rapidly con- 
vergent. 

In this iteration process a value k is assumed, say, 
k,, from which the amplification factors Ry and Ry, are 
derived. The unknown function, a(§), is then repre- 
sented by an interpolation formula of the type 
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iE — &) UE — &) ...  — ©) 


alé) = ao 
(Eo = £,) (£o — &») pate (£o —_ E,) 
(é or £) (é — &) oo < (g ed En) 
ay a + cee + 
(&; a £5) (&; ices £5) eee. ee £,) 
ce — & ¢ — & (§ — &,-1 ; 
Qy 3 (3.9) 
is = &) (E, £,) a (é,, — E2-—1) 


The integral equation is thus replaced by an algebraic 
system with 7 unknowns, a;, and an eigenvalue param- 
eter, k, which may be solved by the usual iteration 
process. Good accuracy is obtained with » = 3 or 4. 
The new value, k, is then compared with the originally 
assumed value k,. If k is not close enough to k,, the 
process is repeated a number of times, and, by plotting 
k versus k, (Fig. 7), we obtain a curve whose inter- 
section with the straight line k = k, at P gives the true 
eigenvalue k = k,. For cases of bluntness, a > 0.2, 
the terms containing Ry and R, drop out of the integral 
equation. The process is then much simpler and re- 
quires only one iteration sequence. 

The values k, for the critical stability parameter, k, 
as a function of the bluntness a are given in Table 2. 
The curve of k, versus a is plotted in Fig. 3, curve B. 
It is noticed that the biconvex wedge is considerably 
more stable at the low values of a than the straight 


wedge. 


(4) APPROXIMATE TREATMENT OF THE THREE- 
DIMENSIONAL PROBLEM 


The three-dimensional problem of a cantilever wing 
is obviously a very complex one. Before treating the 
problem more elaborately, it is useful to bring out cer- 
tain characteristic features of the phenomena by means 
of an approximate method. We shall use here a modi- 
fied ‘‘strip method.” That is, we shall assume that 
the wing consists of a series of chordwise strips that are 
linked together at the mid-chord by a spar. The 
chordwise bending of these strips and their rotation 
resulting from the torsional deformation of the spar are 
the elastic parameters to consider in such a model (Fig. 
8). An approach along these lines has been developed 
in reference 3. 

The significant effect to be introduced is the over- 
turning moment due to the curling-up of the strip. 
This may be done quantitatively by using the results 
obtained in Section (2) on the overturning moment of 
a wedge. 

Let us assume a double wedge symmetric cross section 
of chord 2 / and maximum thickness h. Consider the 
forward half of the strip (Fig. 9). When the root at 
the mid-chord rotates through an angle a, the strip 
bends upward due to the lift distribution. The root 
moment N on this half strip is according to Eq. (2.2). 


N = RyNo (4.1) 

where Ny = (M?/V M? — 1) pc*??a (4.2) 
1 — A,(k/k.) — By(k/k.)? 

and i. (4.3) 


1 — (k/k.) 


MARCH, 1956 


The root moment due to the aft portion of the strip 
may similarly be written . 


ny = Ry'N5 (4.4 

l Ai(k/k.) — By(R’R,)? 
with Ry’ = a (Rf (45 
1 + (k R,) : 


The expression for Ry’ is taken to be the same as for 
Ry except for a reversal in sign of the quantity k. This 
finds its justification in the fact that the deformation 
of the aft portions of the strip is expressed by a differ. 
| of the 
forward portion except for a change in sign of th 


ential equation identical with that [Eq. (1.5) 


parameters k and k. 

In practice the B,(k k,)* term turns out to be 
usually small except for very thin leading edges. We 
shall neglect it hereafter and write: 


Ry = 1 — A,(k/kR,)/ (1 — (RR) ] (4.6 
Ry’ = 1 + Ay(R/R,)/{1 + (R/R,) | (4.7 


The above expressions have been derived for the 
aerodynamic forces on a very thin wing. It is possible, 
however, to introduce the effect of the finite thickness 
of the wedge by remembering that the so-called “slope 
will be different for the forward por- 
In other 


” 


of the lift curve 
tion of the wedge and for the aft portion. 
words, we may introduce to this effect correction factors 
Band @’ and write: 


N = BRyNo 
N’ = @’Ry’No 


(4.8 


The total unbalanced moment at the mid-chord is 


N — N’ = (BRy — B’Ryx’) No (4.9 
We will now show that the values of the coefficients 8 
and 8’ may be derived in terms of the eccentricity of 
the aerodynamic center. We remember that for a 
completely rigid structure k = 0 and 
Ry, = Ry’ = ] 
Hence, for such a structure 
N — N’ = (6 — 8’) No (4.10 
represents the mid-chord moment. 
Similarly denoting by Z and L’ the total lift on the 
fore and aft portions, we may write for the total lift on 
the rigid section, 


L+L’' = (6 + B’)Ly (4.11 


where Ly is defined by Eq. (2.5). Because of the sym- 
metry we have to a second-order approximation 


6+,’ =2 (4.12 
L+L' = 2L, (4.13 


Introducing the eccentricity ¢ of the aerodynamic center 
as a fraction of the total chord 2/, we write 


N — N’ = 4elLy (4.14 


also from Eq. (4.10) 
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es a 
TABLE 3 a 

Critical Value of the Stability Parameter, A, for the Cantilever ¢ o4 T 


Wing of Trapezoidal Plan Form, as a Function of Taper Ratio, 
(b} — b)/b, as Given by the Strip Theory 




















b, - b 
— » 
O+€ 1.5 
ol 1.66 
02 1.67 
3 1.68 
05 1.65 
7 1.62 
t 
(8 — B’)No tel Lo (4.15) 
and from Eqs. (2.1) and (2.5) 
2No = Lil (4.16) 
Hence, (8 — B’) = 8e (4.17) 


Going back to expression (4.9) and taking into account 
the values of 8 and #’ derived from Eqs. (4.12) and 
(4.17), we find for the mid-chord moment of a flexible 


strip the expression 


C+ Alk/k.) — Ble/ke)? 


N— WN’ | — (BR) No (4.18) 
with 
A = 2(1 — A)) 
B = 8A, 
C = 8e 


A, as G20 k. 


We now derive a differential equation for the spanwise 
deformation of the wing. We denote by Q the torsional 


stiffness of the wing and write: 


(d/dy) [Q(da/dy)| + N — N’ = 0 (4.19) 





where y is the coordinate along the span. On the 
other hand 


N— N' = Ka (4.20) 
with 
K= [C + A(k/k.) — i k.)?] M? oct? (4.21) 
[1 — (k?/k.?)] V M? — 1 
Hence, the differential equation for a is 
(d/dy) [(Q(da/dy)| + Ka = 0 (4.22) 


We shall apply this equation to the treatment of two 


(Sy) 











A 10 | 
5 Oo oe 2 —. + je 
0 — 
C 2 3 4 2 6 ¥ 8 3 
b, ~b 
b, 
Fic. 12. Stability curve of trapezoidal wing 


cases. The first one considered is that of the cantilever 


wing of rectangular plan form (Fig. 10). The span 
is b. We must solve Eq. (4.22) with the boundan 


conditions 
a=0 for y=0 
da/dy =0 for y=) 
A solution satisfying the first boundary condition is 


a = sin VK/Q y (4.23 


The second boundary condition is satisfied if 


bVK/O = 4/2 (4.24 
This equation may be written 
C + A(k/k,) — B(k/k,)? Eyh*l i ' 
- k(b/l)? (4.20 
1 — (k/k-.)? 240 


It is an equation for the unknown stability parameter 
k. Remember that Rk, is a known function of a (the 
bluntness factor of the leading edge), according to th 
results of Section (1), and given by curve A of Fig. 5 
Numerical values are discussed in later sections for 
comparison with more exact methods. The second 
example is that of a wing of trapezoidal plan form with 
no sweep (Fig. 11). All cross sections are assumed 
similar so that the wing is actually a truncated cone 
The origin of the coordinates is taken at the vertex 0! 
The differ- 


ential equation of the torsional deflection is then 


the cone (at a distance 5, from the root). 


(d/dy) [QO(y*/b:*) (da/dy)|] + K(y?/by?2) a = 0 (4.20 


where Q is the torsional stiffness at the root and K th 
value given by Eq. (4.21) in which / is the half root 
chord. 

The general solution of Eq. (4.26) is 


~ ~ ms 97 
a= Cy" * Cry" (4.21 


n, and m2 may be found by substituting in the differ 


ential equation. Introducing this solution into the 
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erential equation and applying the boundary condi- 
“ons, the critical value of the stability parameter 


es Bik k 2 
kX 


b\? kyh l 
(4.28 
l 240 


Critical values of \ are given as a function 
b,, in Table 3 and are plotted 


K C+ A(k/k, 
O 1 — (k/k, 


x 


s obtained 
f the taper ratio, (b; — b 
n Fig. 12 rhe taper ratio (b; — b)/d, 

the rectangular wing analyzed above, and the value 


l corresponds 


i\ for that case is found to be in accordance with Eq. 


9 
od). 


It is interesting to note that the stability is rather 
nsensitive to taper ratio except at very small values of 
this ratio. The stability is theoretically indeterminate 

raconical wing of triangular plan form. This spurious 
result is analogous to that found in Section (1) for an 
nfinitely sharp leading edge and is due to a breakdown 


i the physical assumptions. 


APPLICATION OF LINEAR PLATE THEORY TO THE 
THREE-DIMENSIONAL PROBLEM 


If we restrict ourselves to the simplifying assumption 
i the aerodynamic forces that the lift is proportional 

the local slope, as we have done all along, the sta- 
bility problem of the plate of uniform thickness may 
be solved rigorously in some ideal cases which we shall 
now discuss. The treatment of such cases has the ad- 
uitage of bringing out certain features that would 
therwise have passed unnoticed. Developments are 
given in more detail in reference 5. 

The aeroelastic differential equation for the plate 


may be written 


‘w + (k/1*) (Ow/Ox) = O (5.1) 
with [(02/Ox?) + (02/dy?)]? = V4 
plate deflection and / = reference length. 


The following problem has been considered. A plate 
{ uniform thickness h, chord 2/, and span S, is hinged 
it both ends, y = 0 and y = S.. The mid-chord, x = 
The divergence de- 
formation will then occur as shown in Fig. 13. The 
lore and aft portions are treated as two different plate 
problems, connected by the conditions that the de- 
lection is zero at x = 0 and that the slope is continuous 
n that line. 

Boundary conditions at the leading and trailing edges 


ire 
(0°w/Ox?) + [v(O°w Oy")] = O 
O*w Ox*®) + (2 — v) [0*w/(Oxdy?)] = 0 


y denotes Poisson’s ratio). The first of these condi- 


tons corresponds to the vanishing of the bending 


moment, while the second corresponds to the vanishing 
ol the vertical shear. It is known that the vanishing 
ol the twisting moment is a redundant condition and 


need not be independently introduced (see reference 1, 
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page S9). The deflection, w, of the plate is expressed 


in the form 


w,'(¢) sin Ay 


wy')(¢) sin Ay 


where the first expression refers to the portion ahead 
of the mid-chord and the second to the portion aft. 
The chordwise variable is taken as ¢ (x/l) Vk. 
The condition that the wing is pinned at both ends is 
satisfied if we put A m7 S, where S denotes the span. 


Expressions (5.5) are solutions of the differential 


equation [Eq. (5.1) | if we write 


Ww) Cj é 


The c,'s are eight constants of integration and 2), 22, 2 


and zs; are the four roots of the equation 


with p wl h(RUS 5.6 


The characteristic determinant for the eigenvalues 
yields a functional relationship between k and p with 
an infinite number of branches. The numerical evalu 
ations of these branches have been done for a value of 


Poisson's ratio, v 0.5. From this plot it is possible 
to find the characteristic values of k for a given aspect 
ratio, S/(2/). It is found that there are a finite number 
of real and positive values of k and that this number 
decreases as the aspect ratio beeomes smaller. How 
ever, no matter how small the aspect ratio, there always 
remains one fundamental mode with a real root. Fur 
ther results presented below indicate that even this 
vanishing aspect 


real root becomes infinite for a 


ratio when Poisson’s ratio is zero. For the case pv 
0.3 we have plotted the lowest critical value of k as a 
function of S/(2/) shown as the full line in Fig. 14. 

It is of interest to apply to the present case the strip 
method as developed in the previous section. Con 
sidering that we have a wing hinged at both ends in 
stead of a cantilever, relation (4.24) is replaced by 

/ 
SVK/Q=rfr (5.7) 
We also introduce the assumption of linear aerodynamic 
i.e.,€ = Osothat B = C=0. Furthermore, 
1 and k, 


12 and Eq. (5.7) is written 


12k? ( > ) E,h*l te - 
= (2.8 
k2 —k?\21) 240 


The torsional stiffness Q is 


theory 
for the plate of uniform thickness a 
Hence, Ak, 


» OH 
0.55. 


O = (1/3)Ai0 — v)h*l (9.9 


Introducing this value in Eq. (5.8) and solving for k, 
we find an expression for the critical value as a function 


of the aspect ratio, for y = 0.3. 


k = k./V1 + 0.87 (S/2I)? (5.10 


This value is plotted as a dotted line in Fig. 14. We 
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may conclude from the comparison with the exact 
value that the strip method yields a good approximation 
in the present case for high aspect ratio and that the 
result is still significant down to aspect ratio two. 
Below aspect ratio one, the strip method completely 
breaks down. 

Another case that has been treated is that of a plate 
of uniform thickness hinged at both ends, as in the 
previous case, with a free leading edge but a trailing 
edge whose deflection is restrained elastically. It is 
found that as the restraint of the trailing edge is 
gradually relaxed, the stability increases and becomes 
very high and very sensitive to the Poisson ratio. In 
fact, it can be shown that in the case with zero trailing- 
edge restraint, the instability is completely controlled 
by the anticlastic effect—1.e., the curling-up of the 
leading edge caused by the spanwise bending. Since 
this effect disappears for a zero Poisson ratio, we may 
expect that, in this case, the plate free at the leading 
and trailing edges is never unstable. This is effectively 
the case. 

The anticlastic effect may be evaluated independently 


by considering the plate of infinite chord and span S 


(Fig. 15). The stability parameter must now be re- 
ferred to the span and is conveniently taken as p, de- 
fined above by Eq. (5.6). We may write 


3 /p'/* = 24 (M2/V M? — 1) (pc?/Fi) (S/h)* (5.11) 


The critical value of p is found to be a function of the 
Poisson ratio only, according to the curve in Fig. 16. 

From this result it may be inferred that in the case 
of a wing pinned at both ends, an increase in Poisson’s 
ratio will cause an increase of the instability as a result 
of the anticlastic effect. The critical value of p, as 
plotted for the infinite chord, is found to check with that 
found for the limiting case of a wing of the type shown 
in Fig. 13 whose aspect ratio tends to zero. When 
both Poisson’s ratio and the aspect ratio tend to zero, 
the wing is found to be infinitely stable. The type of 
wing illustrated by Fig. 13 contains a spar at the mid- 
chord which is infinitely flexible in torsion and infinitely 
rigid in bending. It is interesting to see what happens 
when this spar is not present and the wing is reduced 
to a strip of uniform thickness simply hinged at both 
ends. As already mentioned for the case of a strip 
of vanishing restraint at the trailing edge, the analysis 
leads to the striking result that the stability of such 
a strip depends primarily on Poisson’s ratio—i.e., that 
it is due only to the anticlastic effect. When Poisson’s 
ratio vanishes, the strip becomes infinitely stable. It 
is obvious that in this case the method of Section (4) 
completely breaks down since its application would 
lead to a finite value of the critical parameter in all 
cases. 

As a general conclusion we may therefore state that 
in addition to the aspect ratio there are two other signifi- 
cant parameters in the stability. One of these param- 
eters is the ratio of the spanwise bending stiffness at 
the mid-chord to the chordwise bending stiffness (for 
instance, as measured by the parameter a). The other 


is the Poisson ratio which controls the anticlastic effect 
It will be noted that the latter will have a positive o, 
negative effect on the stability, depending on whethe, 
the wing is supported at both ends or cantilevered. |, 
the case of a cantilever, for instance, the anticlastj 
effect will tend to increase the stability, while for th 
case of a wing supported at both ends, it will have , 
tendency to decrease the stability. 


(6) THE STABILITY OF THE CANTILEVER WhIyc 
A GENERAL NUMERICAL METHOD 


We shall now consider a case close to the actual 
practice and solve the problem of the stability of , 
cantilever wing of symmetric double wedge cross sectioy 
and rectangular plan form, as shown in Fig. 10 {se 
Section (4)]. Since we are dealing here with numerica! 
methods, certain specific values of the parameters had 
to be chosen. The bluntness factor was taken to be 


a= 0.1 


This value was assumed to lead to representative re- 
sults as may be inferred from the analysis of Section (| 
Two values of the aspect ratio were also considered 


MR = 5/2] = 1.5, 3 


(b = cantilever span, 2/ = chord). 

The Poisson ratio was kept variable. It was first 
attempted to deal with this problem by using the in. 
fluence coefficients of the wing as a function of the two 
coordinates in its plane. The development of this 
approach is the object of reference 6. However, that 
method turned out to be less flexible and practical thar 
the one developed hereafter. Only essential points 
are presented. Further details will be found in refer- 
ence 7. Essentially what was done was to represent 
the wing deflections as a sum of amplitudes of ‘modal 
functions’ and to take the coefficients multiplying 
these modal functions as generalized coordinates. As 
an example we show how this method can be applied 
to the problem of a clamped wedge, treated in Section 
(1). We may adopt for this deflection w, a polynomial 


expression 
w= cox? + cox?+... (6.1 


The origin of the coordinate x is located at the mid- 
chord with the leading edge at x = /._ The coefficients, 
c;, are taken as generalized coordinates. The elastic 
potential energy is 


2 l : d*w \? 
, 5 f B(x) (=) dx 


B(x) = (£,h3/12) [1 — (1 — a) (x/)P (62 


The Lagrangian generalized aerodynamic forces, (Q;, ate 


0 4M? =f dw id 63 
i= zo x"dx (6.0 
V/V — | 2 0 dx 


Lagrange’s equations are thus written: 
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Wing of infinite chord hinged at both ends. 
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Stability of a cantilever wing as a function of Poisson’s 
ratio for aspect ratio 3. 
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ratio for an aspect ratio 1.5 


OV /dc, = Q; (6.4) 


which in matrix form becomes: 
» _ - | >. £ 

Al¥] [es] = [4] les] (6.5) 
with \ = 1/k, and where [W] and [@] are two numerical 
The equivalent system 

. “ae 1 
Ales] = [¥~'9] [ei] 

may conveniently be solved by iteration. 
ness of a = 0.1, a satisfactory value, k = 1.78, is found 
with only two coefficients, co and c;, different from zero. 


matrices. 
(6.6) 


For a blunt- 


For sharper wings, more coordinates have to be used. 
The is then treated in a 
similar way. 
practicability depends, of course, entirely on the choice 
In this choice we have 


three-dimensional case 


The success of this approach and its 


of the proper modal functions. 
been guided by the results obtained above by other 
many types of modal functions 


The following representation of the 


methods. A _ great 
have been tried.’ 


deflection was used: 


w= gil(x)fily) + go(x)fr(y) (6.7) 
with £i(x) = Co + ax + Cox? 
fily) = 9°?(3b — y) 
Q(x) = nx + rox? 
foly) = y(2b — y) 
For the coordinate system we refer to Fig. 10. As be- 


fore, the leading edge is at x = —/ and the trailing 
edge atx = +/. The term g;(x)/i(y) represents mainly 
a cantilever deflection with a horizontal slope at the 


root y = 0 and a vanishing curvature at the tip, y = D. 
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The term go(x)f2(y) corresponds to a torsional deform 
tion such that df./dy = 0 at the tip. It will be nos, 
that this deflection does not satisfy the condition 
complete clamping at the root along the whole leng; 
of the chord but only at the mid-chord. However. 
was verified’ that for the numerical cases investigat, 
here the additional condition of complete clamping dq 


not modify the result appreciably. The procedy 
then followed is to set up Lagrange’s equation usin; 
the five coordinates Cp, €), C2, 1%, Ye. The potenti 
energy is expressed by 

1 e/ eb 
V = B [wz os Wen" i: a 2yw yw 

2 -1 J0 

2(1 — vy) w ( d) ().\ 


with 
W.. = O-w/OX*: WwW; O*w/(OxOy), ete. 


12, where h’ is the local wing thickness 


and B = Eh" 


The generalized force associated with c; 1s 


1 i? ‘ff 
Qe: — = | | Wr, fi(y)x' dx dy 6.9 
VM?-—1 2 J-i Jo 


and the force associated with 7; is 


tf? Pl 7b ee: 
Or = / ) Wrioa(y) Xaxdy (6 
VM? -1 = J-ido 
with W, = —Ow/Ox 
Lagrange’s equations are then expressed in a fon 
similar to Eq. (6.5). 
6. 





A[¥] IP] = [6] (IP 


where [I] is the column matrix of the coordinates 


c, and r;, and 


The matrix equation [Eq. (6.11) ] was solved for th 
case a = 0.1 and an aspect ratio b/2/ = 3. The char 
acteristic equation of Eq. (6.11) after elimination of th 
root \ = 0 turns out to be a quadratic in \*. When th 
two roots are plotted as a function of the Poisson rati 
v, it is found that we start with two positive real values 
This corresponds to two positive values 


These roots become coincident around v = 0.0) 


for vy = 0. 
of k. 
For higher values of v the roots first become compl 
and then become real again, but one root, \°, is positi\ 
and the other negative. This leads to only one positi\ 
The plot of the stability parameter k versus 
3.0 1 


value of k. 
Poisson's ratio v is shown for aspect ratio 


Fig. 17. An identical procedure was used to comput 
the case of aspect ratio b/2/ = 1.5, all other parameters 


being the same. The value of k versus y for aspet' 


ratio 1.5 is plotted in Fig. 18. The graphs in Figs 
and 18 are made of a loop and an asymptotic bran! 


The latter is indicated by a dotted line, since it § 


| 





probably spurious and due to the particular choice | 
. ° a ° 1. 
generalized coordinates, as may be inferred from Ue | 


analysis in Section (7). 
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DIVERGENCE OF 


In discussing these results, let us first consider the 
0. For aspect ratio 3, the lower value of k 
0.406. Applying the strip method 


iccording to the formulas developed in 


} }, 


this Cast 
Section nd assuming linear aerodynamic forces, we 


0.39. The two values are close enough to 


yrnish satisfactory evidence that the strip method is 


plicable to this case. The strip method, however, 
elects the anticlastic effect and gives results inde- 
endent of Poisson’s ratio. 
t it completely breaks down beyond a rather small 


lal 


Jue of Poisson’s ratio. 


Inspection of Fig. 17 shows 


For an aspect ratio of 1.5 1n the case pv 0, the lower 
ue of k is 0.850, while the strip method yields k 

73. The in the two 
ethods is less satisfactory, as shown by the ordinates 


18. 


agreement this case between 


r) 0 in the plot in Fig. The simplified strip 
method, as developed in Section (4), does not, of course, 
ield the dependence of k on Poisson's ratio since it 
neglects the anticlastic effect. However, in the follow 

y section in connection with nonlinearity, the strip 
method is extended to include the anticlastic effect 
ind the same loop-type curve is derived as in Figs. 17 


nd 18 


DISCUSSION OF NONLINEAR EFFECTS 


The preceding analysis is restricted to linear theory. 
[his must be understood in the sense that even where 
the so-called thin wing theory does not apply, either 
because of wing thickness effects or because of the high 
Mach Number, the air forces may be linearized in the 
manner indicated in Section (4). This, however, yields 
mly the incipient instability for very small deflections. 
It will be shown here that the nonlinear effects become 
important particularly for thin wings for deflections 
which in practice may still be considered small, say, of 
the order of the thickness. There are two important 
ways in which these nonlinear effects occur; one is 
through the membrane stresses set up by the anti- 
clastic deformation of the wing, the other is through 
the aerodynamic forces. We shall first discuss the 
structural nonlinearity. 

Consider again the cantilever wing of rectangular 
plan form and double wedge cross section of Fig. 10. 
The y axis is directed along the span }, and the x axis 
is directed chordwise along the direction of the super- 
sonic flow with the leading edge at x = —/ and the 
trailing edge at x = /. If we assume that the major 
component of the membrane stress is spanwise, ¢,, the 
membrane stress satisfies the von Karman equation." 


0*a,/Ox? — Eh(wW,;W,, — Wry”) (7.1) 


This equation applies strictly to constant thickness h 
but may be used appre ximately for a variable thickness. 
We denote by y the total Gaussian curvature of the 
middle surface 


_ (7.2) 


li we assume this curvature to be constant along the 


SI 
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chord, we may find the chordwise distribution of ¢ 
For simplicity we take the wing to be infinitely sharp 


The distribution of o, is 


Ehyl? v 
o, ad -1(1 ~ *) : 
24 l 


v a ; 

l ) | + = lor - < - < 0 

and 7.3 
khy \ 

o —4{1—— 

24 

Xx . : 
1? ] — . — ) tor 0 « ry 

The constants of integration are determined by the 


all o, along the chord 


in conjunction with 


condition that the resultant of 
is zero. The membrane stress o, 


the spanwise curvature w,, acts as an equivalent load 


per unit area. The wing deflects as if it were sub 
mitted to a total load 

q’ TyWyy + (7.4 
where g is the aerodynamic lift given by Eq. (1.1 


We shall now compute the chordwise curvature gener- 


ated by this load. If the curvature w,, is assumed 


constant along the chord, the deflection due to this 


curvature 1s 


The value of w,, due to the chordwise load distribution 
(Eq. (7.4)] may be most conveniently calculated by the 
method of virtual work. Applying to a strip of unit 


span expression (6.8) for the elastic energy, we find 


. l - 
V = B(w,,* + w + 2yW,,W,, 
yA e = 


We neglect the twist w,,. Expressing the virtual work 
due to a variation, 6w,,, we have 


bw, f q’ 6w dx 


Only the symmetric part 


OV 
OW, 


(4.¢) 


where 6w = (1/2)x*6w,-,. 
of qg’ contributes to the integral so that we may perform 
the integration between the limits 0 and /. With an 


angle of attack, a = — Ow/Ox, at the mid-chord, 


Wr, + pw, = —(11/15) (1 — v?) (4y/h?) wy, + 
(2/3) (ka/l (7.8 
Solving for w,,, we may write 
W, —v' fw, + (2/3) (fk/lDea (7.9) 

with 

py’ y — (11/15) (1 — v?) (/4/h?)w,, (7.10 
and 

f = 1/{1 + (11/15) (1 — v?) (14/h?)w,,?] (7.11 


The last two quantities are amplitude dependent. 
The parameter k is defined by Eq. (1.15 








The chordwise curvature w,, generates an aerody- 
namic torque per unit length 


4M? pc? f" Ow 


7 x dx (7.12) 
VM? -—1 2 = Ox 


with w given by Eq. (7.5). 
Eq. (7.9) 
T = (4/3) [(2/3)fka — v’flw,,| X 

(M?2/V M? — 1) pc?l? 


Substituting w,, from 


(7.13) 


The lift per unit span is 2/0, where Ly is defined by Eq. 
(2.5). Hence, we obtain two spanwise differential 
equations for torsion and bending 


—(d/dy) |Q(da/dy)| = T 
(d?/dy*) [EI,(d*w/dy*)] = 2Lo 


| 


(7.14) 


/, is the wing cross-section moment of inertia about the 
chord and Q is its torsional stiffness. If we replace 7 
and Ly by their values in terms of a and w, these last 
equations are two simultaneous differential equations 
for the twist and the deflection as a function of the 
spanwise coordinate. 

Introducing the following dimensionless quantities 


P = hiE/(24(1 — v2)Q] 


R = h'l/(6(01 — v?)i] 

(7.15) 
¢ =w/l n = y/b 
b = span | 


for constant values of Q and /,, the differential equa- 
tions (7.14) become 
d*a ne a 4 4 87 
7 a? —«- kfv'’P 
dn? 9 ° - ( 


II 


9 


ty? (7.16) 
(d%¢/dn‘) — RR(b‘/l4)a = 0 


The nonlinear character of the phenomenon is con- 
tained in the factors f and v’, which become unity and 
v, respectively, for small deflections. Strictly speak- 
ing, the moment of inertia, /,, should also be amplitude 
dependent since the chordwise curvature will stiffen 
This will not be introduced 
Eliminating 


the wing against bending. 
explicitly here, but could easily be done. 
¢, we obtain a single differential equation for the wing 
twist. 


(dta/dn*) + Hf(d?a/dn*?) — fISa = 0 (7.17) 
with the parameters 
H = (8/9)k?P(b?/1?) 
S = (3/2)v’R(b?/1*) 
These two parameters embody a similarity law. The 
boundary conditions for Eqs. (7.16) are 


a=0 for, =0 
/ (7.19) 
da/an = d*&/dn? = d*¢/dn*® = 0 forn = 1 
Because of the differential equations (7.16), they be- 


come 
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VH 
5+ 
C —_ 
C LO 20 3.0 4.0 5.0 6C 
S 
Fic. 19. Dependence of the two basic parameters H and S for 


stability. 


a=0 forn7 =0 


da/dn = (d?a/dn'*) + (7.26 


flla = @a/dy* = 0 fory = 1 


if we neglect df/dn at n = 1. 
It is interesting to examine the linear case for infini- 


In this case, v’ = v and f = 
[Eq. (7.17)] has the 


tesimal deflection. 
and the differential equation 
solution 


a = C, cos a(n — 1) + Cocosh 2x(y — 1) (7.21 


where 2, and 2» satisfy, respectively, the equations 


21 = Hz? — HS = 0 (7.22 


From the boundary conditions and taking Eq. (7.22 


into account, we find 


21° cos 2; + 2.” cosh 22 = 0 


- 0 


HT = 2,7 — 2? | (i.e 


. o. 9 9 9 
S = 9.29.2 7,2 2 
S = 21°Z2"/ (21 22 


) 


The first equation defines 2: as a function of 21, and the 
last two may be considered parametric equations for 
II as a function of S. If we plot VH as a function 
of S, we find a loop as in Figs. 17 and 18. We als 
find other similar loops in infinite number located 
above the first, but they are not relevant to the prac 
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DIVERGENCE OF 


tical range of the parameters. We have plotted the 
first loop in Fig. 19. 

The parameter VH lumps together the value of k 
with the torsional rigidity and the aspect ratio, b/2/ = 
R, while S lumps the Poisson ratio vy with the bending 
rigidity and the aspect ratio. We may derive the loop 
in Figs. 17 and 18 from the plot of +//I versus S and 
the curves are found to check with an accuracy satis- 
factory for a first approximation. The bluntness 
factor a does not appear in this theory but it could be 
introduced indirectly as in Section (4) by replacing k* 
by | — (k?/k,*). In this factor k, is the critical value 
of & for the two-dimensional wedge problem as devel- 
oped in Sections (1) and (3). 

The effect of finite deformation is obtained by intro- 
ducing the quantities f and v’, which are amplitude 
sensitive. If we assume that they are constant along 
the span, say, equal to some average value, then the 
effect of finite deformation is obtained by replacing 
y by v’ in the expression of S and replacing Vi by 
Vilf. A stabilizing influence of finite deformation 
appears by an increase in the ordinate of Vi in the 
ratio | Vf. The replacing of v by v’ amounts to a 
decrease of the influence of Poisson’s ratio—i.e., a hori- 
zontal extension of the unstable area represented by 
the loop of Fig. 19. Hence, the stabilizing effect of 
Poisson's ratio, which is effective for infinitesimal de- 
formation, may suddenly disappear at some finite 
value of the deformation. It can be shown, using ex- 
pressions for v’ and /, that the effect becomes drastic 
as soon as the deflection at a spanwise coordinate equal 
to the chord becomes of the order of the thickness of 
the wing. It will be safe, therefore, in applying the 
linear theory to use a zero value of Poisson’s ratio. 

We must bear in mind here that the influence of 
finite deformation on the anticlastic bending of thin 
plates is a bit more complex than assumed in the 
present approximate theory. As shown by Searle* and 
Ashwell,’ for a strip of uniform thickness the anticlastic 
effect becomes confined to a narrow region near the 
edges. This was also investigated for a double wedge 
cross section by Fung and Wittrick,'® Flugge,'' and 
Murray and Niles.'? In this case it is found that the 
anticlastic effect is confined near the mid-chord. 

We shall now consider the possible effect of aero- 
dynamic nonlinearity and, as a consequence, departure 
from expression (1.1) for the lift. We introduce the 
expression for the lift, g, given by Hayes'* and Light- 
hill’ for the case of high Mach Number. We may 
write it 


q/p. = 2ByMa (7.24) 


where 


l ] 
p=(14 241 ayy 1+ Me? + 


1+ Me’) (7.25) 


19) 


io 
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with »; = pressure of undisturbed gas, 6 = slope of 
symmetric airfoil section relative to the chord, a = 
angle of attack, and y = 1.4 for air. This formula is 
valid for the range M(a + 6) < 1. The coefficient 8 
is equal to unity for very small values of 6 and Ma. 
In that case, expression (7.24) at high Mach Number 
coincides with the value [Eq. (1.1) ] given by the linear 
aerodynamic theory. It will be noted that for a 
double wedge cross section with sharp edge, 6 is posi- 
tive in the fore section and negative for the aft portion 
while |6 is identical with the thickness ratio 


6) = h/(2l) (7.26) 
The most significant term in the value of 8 is M46, since 
it will affect the eccentricity of the aerodynamic center 
and considerably influences the aeroelastic stability. 
This effect was already taken into account in Section 
(4) where 6 was introduced as an empirical factor con- 
taining a linear correction term in 6, and 8’ was the 
same factor with a negative value of 6. 

All analyses made previously may easily be extended 
by introducing such a factor 8 with or without the term 
7°6", since the aeroelastic theory in that case remains 
linear. Similar corrections can be introduced in the 
treatment of Section (6), since the generality of the 
procedure is not affected. The value of k, for in- 
stance, used in Section (1) could be replaced by 


k = 248 (M2/V M? — 1) (pe?/Ey) (I/h)® (7.27) 


Finally, the effect of eccentricity of the aerodynamic 
force can be introduced in the approximate equation 
[Eq. (7.14)] by writing for T instead of expressions 
(7.12) the following value 


] } 
r= ls (« + 9 ft) _ Vfl xX 
M? 
VM - 1 


pel? (7.28) 


where ¢ is the eccentricity defined in Section (4). 

A truly nonlinear aeroelastic problem appears if we 
do not neglect the term M*a* in the value of 8. A 
rough evaluation of the effect may be obtained by intro- 
ducing an estimated weighted average of this term for 
each chordwise strip of the wing and treating 6 as a 
constant in each portion. This effect will result in a 
decrease of stability. 
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An Application of the Method of Equivalence 
to the Deflection of a Triangular Plate 
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SUMMARY approximate deformations in the structure will be th by a 

Currently many methods are being investigated to determine sum of the deformations given by the “‘initial’’ an wide 

the elastic behavior of delta and swept wings under arbitrary ‘“‘secondary”’ solutions. See references 5, 6, and 7. f th 

loadings. The knowledge of this behavior is important not only In this analysis, the members assumed to be rigid ir ribs * 

from stress considerations but also from deflection considerations; the application of the method are ribs arbitrarily choser olan 
for example, the problems of flutter and of divergence velocity . Se era ’ o 

: > j : ’ parallel to the root of the wing. These ribs are assume nlane 
For an estimation of the deflections, the method of equivalence : ieee é pea bite 

developed by L. Broglio and published only as general theory is for the initial computation to be infinitely rigid to ben sepal 

applied. This technique gives approximate solutions using ing but not to warping. sent: 

known elementary formulas. The bending of the plate is computed according t nally 

In the first part of this paper the general equations and pro the theory of small deflections. However, the effe Th 
cedure are worked out for determining the deflection of a thin . : ieee ; ; 

of the membrane stresses is found to be important an by tk 


solid delta wing under any given normal loading. The leading- f , 
edge sweep angle is assumed to be moderate, and the chordwise is taken into account. 


cross section rectangular. In the second part the theory is de- 





veloped and compared with experiments for a delta plate speci SyMBOLS Th 
men with 45° sweep under uniform load; the average error rigidi 
in deflection and rotation is about 6 per cent x, ¥,2 = coordinate axes Th 
Deviation from the original method as described in reference P = the given pressure distribution, normal to the su 
5 is introduced in Part One face and positive in the positive z-direction z\a), 
is = semi-span of wing mom 
a € = the angle measured from the x-axis to the leading the 1 
oe rib at 
= r of strips us i > initial solution at 
y I Vie METHOD OF EQUIVALENCE consists of the follow- N ” ea oF sarape meee teh Chee Seatheat seta f af 
a ‘ P A = width of strips 
y cte . ~ > > o1VveE . . = . ‘ ° ° wine 
ing steps. (1) Consider the given structure and io he ails aniahar edie dd 0 ot te hs wing 
applied loads. If certain members are assumed to be going in the positive y-direction is not 
infinitely rigid—i.e., they cannot deform—then the V = resultant moment about the mth rib due to the pres is im: 
structure can be decomposed into many simpler units. sure distribution between the mth rib and the ti ing (9 
. . f the wing; positive in ac clockwise dir 
All loads external to each unit are replaced by a single e ee pe eo Cen built- 
P . y alee tion about the x-axis 
equivalent load and moment on the unit. (2) These s. si eatin diac ited oak Ahi acl silts len i atl Ins 
simpler units are solved by elementary methods. (3) sure distribution between the mth rib and the ti f P 
The resulting deformations in the members of these of the wing; positive in the positive 2-directior 
Tl Iting deformations in tl I i a f tl gi he | lirect 
simpler units are replaced in the original structure and w = resultant force per unit length in the y-direction di 
constitute the “initial solution’’; the stresses will be in to the ee distribution; positive in the pos 
P ° tive s-direction 
Tere alance w Bs -d loads. Jue to > , ; : 
overall b ul unce with the ipplied load (4) Duet the 7; = twist moment on the mth rib due to the displacen 
assumption of infinitely rigid members and decomposi- of S, to the midchord of the rib; positive 
tion into simpler units, there will be residual loads on counterclockwise direction about the y-axis 
the infinitely rigid members which will be locally un- x = distance of S, from the y-axis 
balanced. These residual loads are determined. (5) a ae prone — ee 7, 
Th ac. a be - Vu = vertical deflection 1n the z-direction due to .} 
Then the original rigidity of one member assumed to be ; sagt: ier nae 
oar age i 2 : : . Ws = vertical deflection in the z-direction due to 5 
infinitely rigid is restored and its corresponding residual W. = vertical deflection in the s-direction due to # 
load with changed sign is applied. By Saint Venant’s By = slope of the midchord in the ys-plane due to V/; 
principle its effects will be felt only in the immediate Bs = slope of the midchord in the yz-plane due to 5 
neighborhood, since the wing is assumed solid. There- B. oo sage ot onic es - ” — = poslyee? 
e ° ° ° me 6 = a prefix denoting deformations in the mth rib relat 
fore, by inspection of the nearest adjoining members, the r ’ 
in aie : : ‘ to the (x — 1)th rib 
deformations due to this residual load can be found. ; a elias atlnniaratire 
The process is repeated for each of the other members E = Young's modulus 
first assumed infinitely rigid, always taking one at a G = shear modulus 
. . . . 7. nq ° . = ni %s rs H 
time and leaving the others infinitely rigid. This ; Poisson's ratio 
a A : ~ cole ~ D = flexural rigidity of the plate 
constitutes the ‘‘secondary solution. (6) The final ; a = 
pS ats . 0 = total average twist angle of the mth rib with respe 
Received December 14, 1954. to the x-axis; positive in the counterclockwise ¢ 
* Avco Manufacturing Pre-Doctoral Fellow, 1953-1955. rection about the y-axis Fic. 1. 
= final average midchord deflection of each rib di 


+ Associate Professor, Aeronautical Engineering. W = 


9A 


s08 





‘TLCe 


ill be the 


tial’ all 


nd 7, 


x rigid It 
ly choser 


* assume 


| to bend 


ding t 


he effect 


‘tant an 


oO the sur 


ion 


1e le dir g 


ition 
root 


the pres 
id the ti 


ise dire 


the pres 
id the ti 
ection 

ction dt 


the pos 


respect 


wise d 





= preceding function evaluated at b—i.e., a suffix 

= subscript denoting deformations of the initial solu- 
tion 

= superscript denoting deformations of the secondary 
olution 


THEORY 


1) Decomposition into Simpler Units 


Consider Fig. 1 where P is the given pressure distri- 


bution. For the initial solution the wing is represented 
by a scaloid composed of V rectangular strips each A 
wide, also shown in Fig. 1. The edgesin the x-direction 
f{ these strips are assumed to be held by infinitely rigid 
ribs which prevent the edges from cambering in the xz- 
plane; however, the edges are free to warp in the xy- 
plane. This is done to avoid treating the membranes 
separately when the ribs are relaxed. This is an es- 
sential deviation from the equivalence method as origi- 
nally described. 

The rib on the right side of each strip is designated 


by the letter 7 where its y position is given by 


na (] 


ka = 


The neglect of the taper of the leading edge and of the 
rigidity of the ribs will give rise to the residual loads. 

The simpler unit to be analyzed is as shown in Fig. 
2(a), where S, and .\/, are the resultant shear force and 
moment, respectively, at the wth rib. 
the load due to the pressure distribution between the 
They are both functions 
i is the distance of S, The 
The load on the strip itself, w,, 
isnot shown for clarity. The left-hand side of the strip 
is imagined to be held in place by the rib of the preced- 


They replace 


rib and the tip of the wing. 
of nA. 
wing thickness is f. 


from the y-axis. 


ing (w — 1)th strip—i. e., the strip is considered as a 
built-in plate cantilever with zero tangent at the root. 
Inspection of Fig. 1 shows that taking the moment 


f P dx dy about the mth rib gives 





N 


<I 


- ; , P dXd¥ 


dY 


¥ - 


Fic 1. General orientation of triangular plate under given load 
distribution, P, and reduction of plan form to a scaloid. 


al L cot ¢ 
| y — nA)P dx dy 2) 
Jn wd y cote 


—d M./d 


where 


5S, = nad (3 


and w,, the load per unit length in the y-direction on the 
strip, is 


“ —_ 


—dS,/d(nA (4 
The minus signs are introduced so that S, and w, will 
be positive in the positive z-direction. 

Also from Fig. 1, #, the distance of the resultant force 


from the y-axis, is 
] el cote 
zt=- | \ 
D2 ~/ nA cote 


2) Analysis of Simpler Units by Elementary Methods 


*x tane 
| P dy dx 5 
na 


« 


Consider the deformation due to ./, of the single strip 
previously shown in Fig. 2(a). If JJ, is distributed 
uniformly along the wth rib, the bending moment per 
unit length is as shown in Fig. 2(b)—i.e., [.7, ‘(1 — nA)] 
cot «. Now, for a thin plate limited to curvature in 


one plane only,! 


M,/D(L nA) cot « (6 


l/r = 


where 


3ut, from the geometry of the figure and the expansion 


of the cosine for small angles, 
6W yy = (1/2)(A*/r S 
Substituting Eq. (6) into Eq. (8), 


a M, 


SV 
— 2D cot € (L 


nA) 
For the slope of the strip in the zy-plane at the right- 
hand side of the strip, 6B, 


6bBy = A al 10 
From Eqs. (8) and (10), then, 


6By = (2 A)jébWy 1] 
Now 5S, is moved from f to the center of the rib and 
the appropriate moment, —7, = S,[{# — O0.5(L + 
nA) cot e], is added. 
Let 6Ws be the vertical deflection produced by the 
Again, as for J/,, S, is distributed along the 
If the curva- 


force S,. 
rib and the theory of thin plates is used. 
ture is approximated by the second derivative of the 
deflection, the differential equation is just that for the 


flexure of a cantilever with end load, S,, and £/, 
D(L — nA) cot ¢, about the bending axis. Therefore, 
A3 s. 


51s = (12 
ona 3D cot «eL—nA 


and the corresponding slope, 6Bs, 
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6Bs = (3/2)(6Ws/A (13) 


The relation between the rotation, 660, and the twist 
moment, 7;, is found by considering two components 
of the twist moment—i.e., (1) a twist moment linearly 
related to the twist angle according to Saint Venant’s 
theory and (2) a twist moment due to longitudinal 
stresses arising from the elongation of the outer fibers 
of the strip.* For symmetrical strips with uniform 
thickness, ¢, and of length, (L — mA) cot e, where t < 
(L — nA) cote, the general formula of reference 3 yields 
—" Gt?(L — nA) cot e 50 

ae 3A 

Et cot® « (L — nA)’ 


360° ilies 


where 60 is the twist of the mth rib with respect to the 
(n — 1)thrib. To take into account the twist moment 
of the load on the strip itself, the average twist moment 
of the mth and (m — 1)th ribs is used in Eq. (14) in 
place of T,—i.e., 
T= -S, 2% — (L + nA) cot ‘| 7 
4 ni- A 
, 24 — (L + nA) cot « 3 
ae (15) 
4 

The only remaining deformation is that due to w, 
on the strip itself. It is assumed that A is small enough 
so that the variation of w, is linear. Hence, using an 
EI, (L — nA)D cot «, about the bending axis in the ex- 
pression for the vertical deflection of a cantilever 
under a trapezoidal load, 


At 4weJea — llw, 
sw. = Ina — a + Hw (16) 


120D (L — nA) cot «€ 
And the corresponding slope at the right-hand end, 


A? Wins — a + 3U,z e 
5B, = Wedna ~ a (17) 
24D (L — nA) cot e 


This concludes the determination of the deformations 
of the simpler units. In general it will be found that the 
largest contributions to the deformations of the initial 
solution will be given by M, and 7T,. When the de- 
flections are sufficiently large, better approximations 
should be derived. Also corrections should be made for 
the possibility that the lines of action of the pressure 
forces, which are normal to the surface, no longer lie in 
the z-direction. 


(3) Substitution of the Deformations of Simpler Units 
into the Original Wing, the ‘Initial Solution’’ 

The root of the wing is built in along the x-axis and 
is fixed perpendicular to the xz-plane. Any angle of 
attack is neglected since the reference axis can always 
be transformed. Therefore, the deflection of the mid- 
chord point of the first rib in the z-direction is the sum 
of the deflections given by Eqs. (9), (12), and (16) with 


n= 1. The corresponding deflection of the second rib 


IT TCAL 
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is the sum of the deflection of the first rib, plus the de 
flections given by Eqs. (9), (12), and (16) with n = » 
plus A times the slope at the right-hand end of the firy 
strip as given by Eqs. (11), (13), and (17) with n = ; 
This stepwise computation is continued throughoy 
the wing. Note that it is assumed that the deflectioy 
of the midchord of the left-hand side of a strip is the 
same as the midchord deflection of the right-hand sid 
of the previous strip. This is true so long as A and ¥% 
are small. The total initial deflection of the midchord 
of any mth rib, W,, is then 


W, = X (6Wau + 6Ws + 6W,) + 
1 


n 


(6By + 6bBs + 6B,,) + 


evi 


J 
A 
\ 
n—2 
> (6Bu + 6Bs + 6B,) + 
1 
1 
> (Bu + 6Bs + 6B.) } (18 
1 


For the twist angles, the relation is simply that 


= >) 60 (19 
l 
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Fic. 2. Loads on an elementary member for the “initial 
solution’’ and the deformation of the member due to the dis 
tributed moment load. 
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Fic. 3. Determination of and resulting residual loads on an 
elementary member 


where 6, is the initial solution's total twist angle of the 


nth rib. 


4) Residual Loads 


First consider the residual loads due to assuming the 
edges of the strips to be bounded by ribs which pre- 
vent cambering. From reference 1, if a plate has dis- 
tributed moments J, and A/s, as in Fig. 3(a), and 1/7 
and 1/7. are the curvatures of the deflected surface in 
the planes parallel to the coordinate planes xz and yz, 


respectively, then 


lr (12 Et®) (A — vAe)t 
l/ry = (12 Et®) (Mz — vM)$ 


(20) 


Thinking of the above plate as the strip being studied, 
if there is to be no camber in the xz-plane—i.e., 1/7, = 
0), then J, = vf. Hence for the distributed moment, 
M,/(L — nA) cot ¢, the residual distributed moment of 
Fig. 3(b) must be applied to each strip. This will con- 
stitute the major portion of the residual load due to the 
assumption of infinite ribs since .1/, produces the great- 
est part of the deformations in the initial solution. 

5,/(L — nA) cot « would also cause curvature in the 
‘2-plane if not constrained. For its residual load, the 
average moment it produces at the middle of the strip 
ismultiplied by v, as above, giving a second residual dis- 
tributed moment shown in Fig. 3(c). 

As pointed out previously, the deformations due to 
the load on the strip itself are generally negligible 
and since the residual loads are of the order of » times 
the original load, any residual loads due to w, are 
neglected. 

Because the strips are free to warp in the xy-plane, 
there are no residual loads due to assuming infinitely 
rigid ribs for T,,. 
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Secondly, the residual loads due to neglecting the 
taper of the leading edge are to be investigated. On the 
left-hand side of the (» + 1)th strip, the distributed 
moment is 

M, 
(L — nd — A) cote 


acting in a clockwise direction about the x-axis. On 
the right-hand side of the mth strip, the distributed 
moment is 
M, 
(L — nA) cot « 
in the counterclockwise direction about the x-axis. 
This difference between these distributed moments, 
with changed sign, gives the net moments of Fig. 3(d). 
A similar procedure is used for S,. On the left-hand 
side of the (m + 1)th strip the distributed force is 
Ss. 
(L — nA — A) cote 


and on the right-hand side of the mth strip it is 
-. 
(L — nA) cot « 


Combining and reversing the sign we have the dis- 
tributed load of Fig. 3(e). 

Finally, the residual twist loads due to the difference 
in moment arm for S, for the right-hand side of the mth 
strip and the left-hand side of the (m + 1)th strip have 
to be found. On the left side of the (7 + 1)th strip the 
twist is 





S, {% — (1/2)(L + nA + A) cot «{=A’ 
and on the right-hand side of the mth strip, the twist is 
—S, {# — (1/2)(L + nA) cot e{= —A 


Changing the sign, these two twists give the residual 
load of Fig. 2(f). Note that the residual twist loads 
balance the moment of the residual distributed load of 
Fig. 3(e). All the other loads are self-balancing. 


5) Removal of the Infinitely Rigid Ribs, the ‘‘Secondary 

Solution”’ 

Now the infinitely rigid ribs are removed one at a 
time and the corresponding residual loads applied one 
at atime. First consider those of Figs. 3(b) and 3(c). 
When the rib between the mth and (m + 1)th rib is 
removed, these moments will try to produce curvature 
in the xz- and yz-planes. However, since the adjoining 
ribs are still rigid, the curvature in the xz-plane will be 
prevented and only a small chordwise cambering will 
This is omitted in this paper since it could not 
For the 


result. 
be compared with experiment quantitatively. 
curvature in the ys-plane, r*, Eq. (20) and Figs. 3(b) 
and 3(c) give 


] 12" 


] 
= - M,+ as,) 
r* Et?(L — nA) cot ¢ ( 2 
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where the asterisk distinguishes the deformation as due 


to residual loads. From Eqs. (8) and above, then, 


6A2v? M, + 0.54S, 


6W aus’ : (21) 
: Et® (L — nA) cot e 
and from Eq. (11) 
OBys* = (2 A)éWars* (22) 


Eqs. (21) and (22) are to be used to give the secondary 
vertical deflection, Wy,s*, in the same manner as Eqs. 
(9) and (11) are used in the initial solution—.e., 


n n 1 
Wust = 0 8Wust + a}  sBys* + 
1 l 
n—2 l 


> 6Burs* + 


] 1 


For the residual loads due to neglecting the taper of 


the leading edge, that of Fig. 3(e) is considered first. 
When a rib is removed, this residual distributed load 
will tend to increase the average twist angle by 60* which 


may be found from Eq. (14) using 


T,* = —[(A cot e)/2]S, (24) 


as the twist moment. Summing these 66's gives for 
the twist angle of the secondary solution, 6*, 
m 
@* = > 60* (25) 
] 

Inspection of the residual loads of Figs. 3(d) and 
3(f) reveals that they will produce cambering chiefly. 
Therefore, for reasons given previously, they will not 
be considered quantitatively. If they are believed to 
be large, they should be calculated to see how large. 
Then, they may be reduced by a better choice of A, or 
the cambering of these loads may be calculated by con- 
sidering a new, wider strip which will replace the strips 
on the left- and right-hand sides of the mth rib and ap- 
plying plate theory again. 


6) Final Solution 


The deformations of the initial and secondary solu- 
tions are simply added to give the final solution. The 
final average midchord deflection of each ‘‘rib’’ (the 
rib has actually been removed; this refers to its posi- 
tion only) is 

W = Wi + Wus* (26) 


and the final average twist angle of each ‘‘rib’’ 
6= 06, + 6* (27) 
APPLICATION 
Now the formulas developed in the previous sections 


are applied to the case of a delta wing of 24 ST alu- 
minum alloy with the following parameters: 
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P = 0.0214 Ib. per sq. in. 


L. = 36 in. 

e = 45 

t = 0.0788 in. 

E = 10.6 X 108 Ibs. per sq.in. - 
G = 4.0 X 10° Ibs. per sq. in. 

yp = 1/5 

A = 4.00 in. 


The value of P given is the applied load; the weight oj 
the plate itself is 0.00768 Ib. per sq.in. Only the a 
plied load is considered; hence, all deflections caleu 
lated will be relative to the ‘‘no applied load” defk 
All details of computations may be found j 


} 


tions. 


reference S. 


1) Decomposition into Simpler Units and Loads on Units 
From Eqs. (2), (3), (4), (5), and T,, respectively, 
M, = [PL?/(6 tan e)][1 — (nA/L)] 

S, = [PL?/(2 tan e)] [1 — (”A/ZL)] 

w, = (PL/tan e) [1 — (nA/L)] 

& = [L/(3 tan e)] [2 + (nA/Z)] 


—T, = [(PL?/(12 tan? e)] [1 — (wA/L)]? (29 


(2) Analysis of Simpler Units by Elementary Methods 
From Eqs. (9), (12), (16), and (17), respectively, using 
Eq. (29), 
65Way = (PL4/12D) (A/L)? [1 — (nA/L)}? 


6Ws = (PL*/6D) (A/L)* [1 — (nA/L)] 


wee rr Fans 4A/L 
6W,. = ls + 
120D \L 1 — (nA/L 


‘iii sas = (?) (4 in A/L ) - 
ee AL i-th 


From Eqs. (11), (13), and (28), with Eq. (30), all the 
vertical deflections of each simpler unit can be deter- 
mined. 

For the twist angle, Eqs. (15) and (29) give 


= PLS 
f. =< 4 


24 tan? 
(1 3) + & 4] ) Ufa 
L L © he 


and from Eq. (14) 


T GUL (: “) 59 4 
x a 5 
; 3A tan e iL 

l EtL’ 


( 2) —— 
— -ii— (08)° (ve 
tan® « 360 A?® L 


T, and the coefficients of 60 and (66)* are first computed; 
then, 60 is determined by successive guesses, 
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, USING Fic. 4+. Midchord deflection and twist angle versus distance from root. Legend: Triangle, theoretical ‘‘tinitial 
solution ;’’ Circle, theoretical final solution; I, experimental “‘initial solution; Diamond, experimental final solution 


Dagger, exnerimental final solution taken from NACA data.® 





3) The “Initial Solution”’ 6) Final Solution 
Using Eq. (18), the total midchord deflection given Eq. (23) is easily computed and thus Eq. (26); see 
by the initial solution is computed and plotted against Fig. 4. Using Eq. (25), —é@* is calculated and then 
nA L (see Fig. 4). And from Eq. (19), the total twist —@ from Eq. (27); see Fig. 4. 
(30 gle of each rib given by the initial solution is com:- 
puted and plotted against nA/L (see Fig. 4). EXPERIMENTAL WORK 
all the 4) Residual! Loads The specimens tested were a right triangular plate 
deter- oe clamped along one end, and a similar plate but cut as 
The residual loads are not calculated separately as shown in Fig. 6 to represent effectively a scaloid shape 
such. In this solution, they are used only in terms of and held by external steel ribs. 1/8 by 1/2 in.. to pre- 
the formulas developed in Theory, Part (5). vent cambering in the xz plane. Therefore, the mo- 
| 5) Removal of Infinitely Rigid Ribs, the ‘‘Secondary ners ” mien nahnbprninerne - oom ceneong “ 
Solution’ ~ = — ‘ resist cambering was about 100 times that of the ef- 
; ‘ fective cross section of the plate prevented from cam 
(31 From Eqs. (7), (21), and (29), ; ‘ . . 
bering. Each specimen had the parameters of Eq 
SW, PL‘A*y* x (28). 
| : 12DL2(1 — vp?) Fig. 5 shows the experimental setup with the “‘cut”’ 
[ nA\2? 3A af specimen being tested to determine the “initial solu- 
( ~ 7 ) 7 a7 (: a, )| (33) tion." The wing before loading was levelled by ad- 
, : — . justment of the counterweights, the upper set of bags. 
(39) | From Eqs. (24) and (29) The constant pressure loading was achieved by hanging 
_T.* = (APL?/(4 tan? 2] [1 — (nA/L)F° (34 bags of shot of equal weight to each t-in. square, each 
strip between ribs being divided into 4-in. squares. 
uted; ind —7,* is evaluated as well as —60* which is found in For the triangles at the leading edge of each strip, the 


| the same manner as —66 using the same coefficients. load was 1/2 that of a square and was placed at the 
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Fic. 5. 


c.g. of the triangle. Deflections, estimated to 0.2 
mm., were measured by a level with elevation readings 
being taken before and after loading at every 4 in. 
along the right-hand side of each strip. The wing root 
was sandwiched between two | 4 by 6 by 36 in. plates. 
Also the mid- 


chord deflections and twist angles are shown in Fig. 4 


Fig. 6 shows the results of these tests. 


1 T l2 
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X- INCHES 
Fic. 6. Experimental deflection of a triangular plate of 24 


ST aluminum under uniform load distribution; parameters 
given in Eqs. (28). Legend: Dashed curves denote plate with 
ribs or the ‘‘initial solution;’’ solid curves denote plate without 
ribs or the ‘‘final solutior.’’ 


MARCH, 1956 


with experimental data taken from reference 2. Ty}, 
fact that the experimental values lie slightly above thog 
of reference 2 is probably due to the rotation under Joaq 
of the root, which has a finite, not infinite rigidity 
Data were easily reproducible with not more than ; 
per cent variation for a complete change of specime; 
and setup of the level. 


CONCLUSIONS 


This analysis has applied the method of equivalence 
in a deliberately rudimental form to compute the mai 
deformations. The reduction of the wing to a scalojid 
does not respect the boundary conditions at the leading 
edge. Nevertheless, the final theoretical deformations 
agree fairly well with experimental deformations; th 
average error is about 6 per cent and the maximum 
about 10 per cent. The stresses that could be caleu 
lated from the determined deformations would not b 
good since this process requires taking second deriva 
tives. 

In the analysis, the normal or ‘“‘membrane’’ stresses 
in the plane of the plate were found to be of great in 
portance in determining the twist angle. Neglecting 
these, the maximum error was several hundred per cent 

The number of ribs is selected large enough to get the 
desired accuracy without excessive computation. If V 
is taken too large, the calculations will become much 
longer without appreciable increase in accuracy as this 
is limited by the many approximations and assump 
tions. 

The sum of the initial and secondary solutions 1s, of 
When the mth nb 


is removed, residual loads are imposed on the adjoining 


course, not the real exact solution. 


ribs and they, in turn when removed, impose residual 
loads on the nth rib, ete. Put these effects are thought 


to be small and to damp out rapidly. 
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A Review of Methods for Predicting 
Helicopter Longitudinal Response 


LAWRENCE KAUFMAN*® ann KENNETH PERESS* 


Sperry Gyroscope Company Division of Sperry Rand Corporation 


SUMMARY 


Methods for predicting the longitudinal response of the heli- 
copter are re viewed The equations of motion of a single rotor 
helicopter are derived and the assumptions required to arrive at 
a simple solution are discussed. A comparison is made _ be- 
tween the calculated response (with varying degrees of simpli- 


fication) and measured response. A frequency range of appli- 


cabilitv of each method is stated 


(1) INTRODUCTION 


oT gece RECENTLY, the duration of a typical heli- 
copter flight was short and the types of missions 
for which the helicopter was employed permitted flight 
with visual reference. Thus, although there exist in- 
herent long period instabilities in the attitude response 
of most conventional helicopters, this condition has 
been tolerated since the instability is controllable. 
The desire to use the helicopter for longer flights, how- 
ever, and also under instrument conditions, has made 
it necessary that the stability of the helicopter be im- 
proved if the great potential of this type of aircraft 1s 
to be fully developed. 

Improvement of helicopter stability, whether it is a 
result of aerodynamic, mechanical, or electronic devices, 
first requires the ability to predict the response of the 
helicopter. Accordingly, a great deal of work has been 
directed toward developing analytical techniques for 
predicting helicopter response. References | to 4 and 
Sto 10 are examples. 

It is the purpose of this paper to review methods 
for predicting helicopter longitudinal response, dis- 
cussing the several degrees of simplification possible. 
The implications of each approximation are discussed 
in terms of frequency response. Flight test data are 


introduced for comparison. 


(II) SyMBoLs 


= slope of curve of blade section lift coefficient 
against angle of attack, per rad 
, = coefficient of cos ny in expression for 8, rad 
1 = collective pitch angle, rad. 
1 = lateral cyclic pitch angle, rad. 
= number of blades per rotor 


= coefficient of sin my in expression for 8, rad 


i 


longitudinal cyclic pitch angle, rad. 
blade-section chord, ft. 

‘ . R 9 
equivalent blade chord (on thrust basis f, cr*dr + 


i> r2 dr), ft. 


Presented at the Helicopter Dynamics Session, Twenty-Third 
Annual Meeting, IAS, New York, January 24-27, 1955 
* Fighter and Helicopter Flight Controls Department. 


— 


G 
Ig 


general force coefficient, no idimensio nal 


blade section profile drag coefficient, no idimen 
sional 

blade section profile drag coetlicient corrected to 
include effects of radial flow over blade span 
Cp,’ = [(n — 1)/2]Cp, with n = 4.6 being 


a usually accepted value), nondimensional 

force coefficient, nondimensional 

horizontal rotor force coefficient as defined by 
Eq. (B-15), 


fuselage pitching moment 


nondimensio ial 


stability derivative 


with respect to fuselag ingle of attack (NACA 
airplane nomenclature), per rad 
fuselage pitching mome.xt coefficient for zero 


angle of attack (NACA airplane nomenclature 


nondimensional 


rotor torque coefficient = QO/pSQ?R*, nondimen- 
sional 
rotor thrust coefficient = (7°/pSQ?R?), nondi- 


mensional 

equivalent fuselage flat piate area representing 
parasite drag based on unit drag coefficient in 
X direction, sqft 

force, Ibs 

pabc,2?R8, lbs 

rotor blade moment of inertia about the flapping 
hinge, slug-ft.? 

helicopter moment of inertia about the Y-axis, 
slug-ft.? 

characteristic length, ft 

helicopter mass, slug 

moment component about the Y-axis, ft.lbs 

blade moment about the flapping hinge, ft.Ibs 


differential operator, d/dt, 


per sec 

dynamic pressure, Ib. /ft.* 

rotor torque, ft.lbs 

radial distance to blade element from axis of rota 
tion, ft 

blade radius from axis of rotation, ft 

area, sq ft 

time, secs 

resultant rotor thrust, Ibs 

velocity components of helicopter along X, Y, Z 
axes; positive in positive direction of axes, 
ft./sec 

nondimensional ratios of helicopter velocity com- 


ponents to blade tip-speed, U/2R, V/QR, 


W/QR 
resultant velocity of helicopter, V U?+V?-4 Ww? 
ft. /sec 


induced inflow velocity at rotor (positive along 
the negative Z-axis), ft. /sec 

force components in the direction of the X and Z 
axes; positive in positive direction of axes, Ibs 

coordinates of rotor hub with respect to coordi 
nates at the center of gravity, ft 

angle of pitch, rad 

angle of roll, rad 


angle of yaw, rad 
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FIG. 1— HELICOPTER GEOMETRY IN XOZ PLANE 

B = blade flapping angle at any azimuth position or 

angle between feathering axis and X-Y plane, 
n 
B= > (a, cos ny + b, sin ny), rad 
0 

¥ = blade mass factor = pac,R4/Ig, rad. 

bv = longitudinal cyclic stick deflection, rad 

6z = collective stick deflection, rad. 

n = 2 /R, nondimensional 

0 = blade pitch angle at any azimuth position or the 
angle between zero lift chord of blade section 
and X-Y plane when the flapping angle 8 is 
zero, 80 = Ao + (A; — az) cos YW + (B; — a,) 
sin y, rad. 

Xo = nondimensional rotor inflow velocity normal to 
tip path plane = inflow velocity /QR 

AR = total rotor inflow including effects of helicopter 
vertical velocity and tilt of rotor Ay = 
Wy — Uog@y,, nondimensional 

m = ratio of helicopter resultant velocity to blade-tip 
speed, nondimensional 

é = x)/R, nondimensional 

p = air mass density, slug /ft 

o = rotor solidity ratio = bc,/rR, nondimensional 

y = rotor blade azimuth angle measured from down 
wind position, rad. 

Q = rotor angular velocity, rad./sec 


Subscripts 
b = blade 
= due to fuselage 


0 = trim or steady-state condition 
( de = due to tail rotor 

x = along X axis 

y = along Y axis 

Zz = along Z axis 


Moments, angular displacements, velocities, and accelerations 
are considered positive if they are clockwise when looking in the 
positive direction of the axis about which they take place 

The angular orientation of the helicopter relative to a fixed or 
original set of axes is obtained by rotation through each of the 


three angles a,, a,, a, in turn in the sequence yaw, pitch, roll 


(III) Axes 


The system of axes is right-handed and is oriented 
with respect to the earth. Three mutually perpendicu- 
lar axes intersecting at the origin O, which is chosen to 
coincide with the center of gravity of the helicopter at 
t = 0, define the system (see Figs. | and 2). The Z-axis 
is aligned with the gravity vertical. The X-axis is fixed 


in a horizontal plane which is perpendicular to th 
Z-axis. Initially, the X-axis and helicopter longitudina] 
axis lie in a vertical plane containing the Z-axis. Thy 
Y-axis is normal to the XOZ plane. Positive dire; 
tions for the axes are up for Z, forward for X, and to the 
left for Y. All forces, linear velocities, and acceler 
ations are positive in the positive direction of the axes 
Angular velocities, displacements, and accelerations 
are positive when they cause the helicopter to nog 
down, roll right, and turn left. Positive moments ar 
those which cause positive angular accelerations 
Control deflections are positive as follows: 6,, cycli 
pitch stick right; 6s,, cyclic pitch stick forward; 6, 
left rudder; 6z, collective pitch stick up. 


(IV) ASSUMPTIONS 


(1) The slope of the lift curve is the same for all 
blade sections. 
(2) Blade is rectangular in plan form—.e., constant 


chord—or, if not, may be represented as a rectangular 


blade through the determination of an equivalent con 
stant chord. 

(3) Blade section profile drag coefficient is the same 
for all blade sections. 

(4) Blades are untwisted—.e., pitch does not vary 
with distance along blade. 

(5) Tip losses of circulation have only a negligible 
effect on the total forces acting on a blade. 

(6) Blade flapping angle 8, and fuselage attitud 
angles are sufficiently small so that the following ap- 


proximations can be made: 


sin 8 = 6 Sil Q@;., re 


cos B = 1 COS Ge: l 


(7) Flapping hinge offset is negligible. 

(S) Rotor angular speed is constant. 

(9) Lagging displacements and velocities may be 
neglected. 

(10) The longitudinal motions of the single rotor 
helicopter are not affected by the longitudinal forces 
and moments contributed by the tail rotor. 
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PREDICTING HELICOPTE 

11) Nonstationary flow effects on aerodynamic de- 
rivatives are negligible. 

12) Flow over the blade is everywhere subsonic and 
moreover, compressibility effects are secondary. 

13) No flow reversals occur. 

14) The flapping hinge may be considered as a fric- 
tionless pin joint, and further, the rotor blades are 
issumed to be infinitely stiff in bending and in torsion. 

15) Changes in moments of inertia because of air- 
raft attitude changes are assumed to be unimportant. 

16) Inflow is constant over rotor disc. 

17) Effect of rotor slipstream on fuselage forces and 
moments is negligibly small. 

IS) The helicopter is assumed to be trimmed in the 
following manner before the introduction of a disturb- 


ince 

0 &, (0 0 a(O) = 0 
() () &,(0) 0) a(0) = 0 
w(0 0) a.(O 0 5(0) =0 
a, (0 a ay(O a A,(0) = Ao, 
a0 (0) a,(0) = a; A,(0) = A, 
a.(0 (0) b,(0 b, B,(O) = B, 


Ar(O) = Avo — Mody 


[his set of conditions implies that the aircraft is ini- 
tially in a steady, straight and level forward flight 


ittitude. 


V) NONLINEAR EQUATIONS OF MOTION 


rhe equations of longitudinal motion for a single 


fully articulated) rotor helicopter are derived in Ap- 
pendix A, and for the most part are based on the work 
in reference 10. These equations allow for six degrees 


freedom of the helicopter: 


l horizontal velocity of helicopter 
W vertical velocity of helicopter 
a pitch attitude of helicopter 


coning angle 
longitudinal flap angle 
) = lateral flap angle 


lhe forcing functions are considered to be 


A collective pitch 
B, = longitudinal cyclic pitch 
A, lateral cyclic pitch 


The equations of motion presented in Appendix 
A-15), (A-16), (A-17), (A-28), (A-29), 
A-30), have been written in terms of average rotor 


\, Eqs. and 


lorces and first harmonic flapping moments. Equations 
based on instantaneous—i.e., azimuthal varying—forces 

nd moments would be necessary for analyzing vibration 
transmission problems at frequencies greater than the 
rotor frequency, but need not be considered for studies 
i which the motion of the helicopter body as a whole is 
otinterest. In addition it has been assumed that lateral 
body motions (v, a, az) have only a negligible effect 
upon the longitudinal forces and moments developed. 


It must be emphasized, however, that the effect of 
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lateral flapping motion of the rotor may not be entirely 
neglected. 

a set of six simul 
While some 


numerical methods may be used to solve these equa 


The equations of Appendix A are 
taneous nonlinear differential equations. 


tions for certain prescribed inputs, the best approach 


would be to use an automatic computer. Fortunately, 


however, much can be learned about the dynamic 
characteristics of the helicopter by investigating its 


response to small perturbations about an initially 


trimmed configuration, a procedure which permits 


linearization of the original set of equations. 
MOTION 


(VI) LINEARIZED EQUATIONS O1 


the usual linearization 


the nonlinear equations of Appendix A may be trans 


By means of techniques, 


formed into linear equations. These equations are 
written in terms of force and moment derivatives which 
are based on the steady state or trimmed values of the 
variables of motion. References 5 to 7 and reference 
10 outline methods based on energy and momentum 
conservation, and force and moment equilibrium 
conditions, from which the trim values may be deter 
mined for straight and level flight. Appendix B sum 
marizes the trim equations for the longitudinal motion 
of a single rotor helicopter. 

The solution of a set of six simultaneous linear dif 
ferential equations is a manageable but tedious job. 
Before attempting such a solution, however, one may 
first examine the content of the equations to determine 
if an immediate reduction of the number of equations 
is possible. If the linearized flapping equations are 
considered separately (see Table 3) and if the response 
to a sinusoidal longitudinal cyclic pitch input is ex- 
amined for the case of a fixed rotor shaft—41.e., Aa, 
Au = Aw = 0—1it is found that for conventional rotors 
this longitudinal flapping response is affected only 
slightly by coning and lateral flapping up to a forcing 
As an 


frequency equal to the rotor frequency eXx- 


ample, Figs. 3 and 4, which are for the S-55 rotor 


(blade mass factor of 10), show negligible differences in 


the frequency response up to frequencies of 1.02 








262 JOURNAL OF THE AERONAUTICAL SCIENCES 








-75 
-100 
-125 
-150 


om A UNSIMPLIFIED 


B G,=G,=b, =0 
-200 7 ++ a92b, #0; G9* G,* b,=07 
-250 





PHASE ANGLE DEGREES 











-275 
oo! ol 10 1.0 10.0 
NON-DIMENSIONAL FREQUENCY 
w/2 
FIG. 4-FREQUENCY RESPONSE OF LONGITUDINAL BLADE 
FLAP ANGLE TO SWASH PLATE DEFLECTION 


Since the longitudinal forces and moments generated 
by the rotor are primarily influenced by the longitudinal 
flapping of the rotor, it would appear reasonable to 
expect the body motion of the helicopter to be pre- 
dicted with sufficient accuracy if the most simplified 
flapping equations are used; namely, if the flapping 
moments due to dp, a1, bi, and to dy and 0}, are neglected. 
If this procedure is employed, the following simplifica- 
tion becomes possible. 

(1) The equations written for the coning angle do, 
and lateral flapping angle, 5;, may be solved separately. 
The former establishes the value of a) required to keep 
the thrust moment on the blade equal to the centrif- 
ugal moment. The latter gives the relationship be- 
tween the lateral rotor variables, A; and ;, and longi- 
tudinal body motions such that lateral blade flapping 
equilibrium is assured. This relationship may be 
inserted into the rotor force equation to account 
for the force generated in the rotor plane of rotation as 
a result of lateral flapping. 

(2) The equation written for the longitudinal 
flapping angle, a;, is still coupled to the body equa- 
tions but depends only on longitudinal variables. 

Thus, an examination of the response of the rotor, 
separately, suggests a simplification of the flapping 
equations. This leads to a reduction of the number of 
equations which define the longitudinal motion of the 
helicopter from six to four. The equations obtained 
through this simplification are shown in Table 1. 


(VII) Quast-Static APPROXIMATION 


If the rotor tip path plane is assumed to have always 
the same angular velocity as the rotor shaft, it becomes 
possible to further simplify the set of four equations 
by eliminating the longitudinal flapping equation en- 
tirely. The mechanics of this approximation are first 
to set the flapping velocity d; equal to the pitching 
velocity &, and then to solve the longitudinal flapping 
equation for a; as a function of body motions. This 
relation may then be substituted into the body force 
and body moment equations, thus reducing the number 


of equations to three. This approximation was first 


MARCH, 1956 
suggested by Hohenemser.* The resulting equatio, 
of motion are presented in Table 2. 


ROTOR DYNAMICS CORRECTION TO Qvags 
© awe 
STATIC SOLUTION 


(VIII) 


The quasi-static solution may be corrected for th, 


effects of rotor dynamics according to a method ag 


vanced in reference 9. 


helicopter is assumed to take place in two stages 
First, upon application of a longitudinal cyclic pite 
perturbation, the rotor responds as if the rotor shajt 
This is appealing to physical intuitio; 


were fixed. 


since the response of the rotor is so much faster tha; 


that of the helicopter body. Having accounted for th 


time response of the rotor in this way, the respons 


of the body is then assumed to be given by the quasi 
static approximation. The two responses are then con 
bined to obtain the overall response. Mathematicalh 


the method consists of first solving the helicopter 


transfer function by the quasi-static approximatio: 


(see Table 2), and then obtaining the rotor transfer 


w=)y € 


function from the decoupled flapping equations (se 
Table 3). The two transfer functions are then multi 


plied. 


To obtain the rotor transfer function, the equations 


of Appendix A are applicable. However, as shown i 


Figs. 3 and 4, little is accomplished in solving the com 


plete set of flapping equations, and thus, to use the rotor 


dynamics correction in its simplest form, only th 
longitudinal flapping equation need be used (the sin 
equation of Table 3 solved for a; as a function of B, 


(IX) DiscussIoNn 


The most complete description of the longitudin: 
motions of the single rotor helicopter, once lateral an 


longitudinal body motions have been separated, 1s 


given by six equations, three for body motions an 
three for rotor flapping motions. On physical grounds 
it appears reasonable to account for the eects of coning 
and lateral flapping separately, thereby reducing the 
equations of motion to four. Further simplificatio 
is achieved when the lag between the rotor tip pat! 
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This leads to 


Finally, a 


ine and the rotor shaft is neglected. 


the quasi-static solution of Hohenemser. 
correction to the quasi-static solution to account for 
the effect of rotor dynamics results in the method ad- 
\ unced by Ellis. 

fo demonstrate the applicability of these methods 
to the dynamic analysis of the helicopter, the frequency 
response of the S-55 helicopter in pitch has been calcu- 
lated by the three methods for a trimmed forward 
speed of 45 knots. 


lected on an S-55 helicopter stabilized with a Sperry 


In addition, flight test data were col 


4-12 Gyropilot’* by forcing the longitudinal cyclic 


pitch stick sinusoidally. These data together with 
the analytical results are shown in Figs. 5 and 6. 

It may be noted, first, that in the low frequency re 
i.e., below 0.10Q—all three methods lead to ap- 


gion 
proximately the same response. The flight measure- 
ments on the S-55 agree well with these results, par- 
ticularly in terms of amplitude. ft 

Above 0.109, 
solution infers less lag in the helicopter response than 
The flight data, however, follow 


differences arise. The quasi-static 
do the other methods. 
the curves obtained from the rotor dynamics correction 
and from the solution of the coupled body and rotor 
equations. Above 1.02, a region in which the validity 
of time averaged force equations becomes question- 
able, the latter methods begin to differ. Unfortu- 
nately, there is at present no flight data available in 
the 
issociated with control stick motions of such high fre 


this region. Because of structural limitations 
quency, it was not possible to insert signals of suffi- 
cient magnitude to obtain good data. However, a 
study of the limiting value of phase angle between 
pitch attitude and cyclic pitch input shows that the 


rotor dynamics correction approaches 270 degrees of 


lag as the forcing frequency becomes very large. The 
* Reg. U.S. Patent Office. 
t Phase angle measurements were difficult to make in the low 
Irequency region because of the resonance of the helicopter. For 


example, by 


idjusting the forcing signal amplitude so that the 


ittitude variations were about +10 degrees, corresponding to 
speed variations of +35 knots, the resulting stick motion would 
} . rT . . . . e 

at the stick. The resulting stick position signal 


Was accordingly quite noisy 


Only +1/2 ix 


L 
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limiting value based on an examination of the coupled 
body and rotor equations (or even of the original set 
Therefore, for fre 


of six equations) is 180 degrees. 


quencies greater than 1.00, the rotor dynamics cor 
rection becomes a poor analytical approximation for 
the coupled body and rotor dynamics. In this region 
one would have to go back to the set of six simultaneous 
equations since the neglect of flapping accelerations 
might lead to large errors (note Figs. 3 and 4 
Comparison of the three methods may also be made 
by considering the transfer functions from which the 
pitch motion frequency response has been calculated 
(see Fig. 7 It may be noted that with the exception 
of the encircled terms, all three transfer functions are 
approximately equal. The transfer function obtained 
from a solution of the coupled body and rotor equa 
tions contains two high frequency terms that are 
Phe 


denominator, or lag term, has a corner frequency of 


omitted in the quasi-static transfer function. 


about 12 rad. sec. or approximately six tenths of rotor 


frequency. The numerator, or lead term, has a corner 
or approximately three 
The 
dynamics correction adds the lag term to the quasi- 


frequency of about 74 rad. sec. 
and one-half times the rotor frequency. rotor 
static transfer function thereby extending the useful 
frequency range of the quasi-static method to perhaps 
rotor frequency. 


(X) CONCLUSIONS 


Three methods of predicting helicopter longitudinal 
motions have been presented. These methods vary in 
complexity according to the number of degrees of free 
dom which are permitted. By comparing the response 
predicted by these methods with flight test results, a 
range of applicability can be assigned to each method. 

\s a matter of interest, note the unstable long period 
mode of the helicopter, which is predicted by all three 
methods. These poles indicate a period of 14.7 sec. 
\ctual flight data obtained by allowing the helicopter 
to fly stick fixed showed this mode to have a period of 


14.5 sec. 
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The quasi-static solution, which is the simplest of 
the three methods, is applicable for analyses in which 
the short period response is not of primary interest. 
For example, this method would be quite satisfactory 
for determining pilot handling qualities. It should 
lead to good accuracy up to frequencies of the order 
of 0.102. The usefulness of this method in this low 
frequency range is due to the negligible effects of rotor 
dynamics on the overall response. 

The rotor dynamics correction extends the useful 
range of applicability of the quasi-static solution to 
about 1.00. 
matic pilot design studies in which the system cut-off 


Its use is suggested as adequate for auto- 


frequency is chosen much below the rotor frequency. 

The solution of coupled body and rotor equations is 
necessary when the response of the helicopter at fre- 
quencies higher than the rotor frequency is being con- 
sidered. For example, in the design of high gain 
automatic pilots—i.e., gains greater than about five 
degrees of swash plate tilt per degree of pitch error 
significant differences exist between this solution and 
the other two in the range of frequencies encountered. 

A general comment may be made here concerning 
the validity of the common assumptions used in all 
three methods [see Section (IV)]. It is not known 
whether the effect of each individual assumption is 
indeed negligible or whether the assumptions when 
coupled together lead to canceling effects. However, 
it is encouraging to note that at least for the range of 
data reported herein, satisfactory prediction of the 
longitudinal motions of the helicopter is possible up to 
relatively high frequencies. 

APPENDIX A 

1) Z-Force 

From blade element theory, the lift force acting on 
any blade element c,dr (see Fig. 2) is given by 


dZ = (1/2)pUr? al@ — (Up/Ur)]e. dr (A-1) 


where L’y is the tangential component of velocity of the 
blade element and L’p the component of velocity in the 
Z direction. Up/Uy represents the induced angle of 
attack and a[@ — (Up/Ur)] represents the section lift 
coefficient. 

From the geometry, the velocity components Lp 
and lL’; may be expressed as 


Ur = Qr + mQR sin y¥ (A-2) 


Up = QRrR cos B + rB + HER sin Bcos py  (A-3) 


in which w, is the resultant velocity of the rotor hub 
due to fuselage translational and pitching motions and, 
with reference to Fig. 1, may be written as 


Uy = u + (ayn/Q) (A-4) 
Xe is the resultant inflow velocity and is given by 
Ar = i +w — (a,/QE — uay (A-5) 


For a rotor whose rotation is counterclockwise when 
viewed from above, the pitch angle 0, being measured 
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from a horizontal plane, is given by 


d= A ) cos y i: (B, — a,) sin y A-f 


+ (Ai — a 


The blade flapping angle is assumed to be given by 


& = dy + QA, COS y + by sin y A 7 
where a, and /, are allowed to be time dependent 
The average Z-force produced by a rotor having 


blades is obtained by integrating (dZ) over thi span oj 


a blade and time averaging the force over one complet; 
revolution; that is, 
h 2) XR dZ 
af > \ 
A 7 | dy iy a \-s 
-" JO JQ a? 
By substituting Eqs. (A-1) to (A-7) into Eq. (A-§ 


and integrating, one obtains 


ab , Q? R38 2 5 a 
i. wi tt (u 4 "| 


2) X-Force 
The force produced by the rotor in the X direction 


may be broken up into two parts. One part, due t 


the blade profile drag, is given by 


h 2r R : ' p f 
dy Cp Ur? Jc,sin dr (A-1( 

or g Ge 

<7 Jo J0 2 


The other part, due to the inclination of the lift force 


from the vertical, is given by 


Qe R Up 
2 Jo J0 TF + 


Up , ; 
Bcos y — U siny])dr (A-1l 
7 


Substitution of Eqs. (A-2) to (A-7) into Eqs. (A-10 


and (A-11) leads to the following results: 





bc.Q7R* [ Co,’ 
Xp = a ( e ) A-12 
4 a 
; pabc,Q?R3 | 2 a ; 
Ar = Aya, + +(B, — a,Ja — ay — j 
4 3 2 | | 
. (b, _— A}) ay 2Cp,') j ayn : 
as eo «ff wf 
a, Ao ay l 
_— (b, _ A}) _ (B, — @,,) 3a) 7 
Q 3 s 62% 


we 


° F Pa } 
2Ao (. + “n\\ ; No + w— _ ua | (A-13 


The drag force acting on the fuselage is defined as ™ 
fixed wing aircraft by 


pabc QR > (2 f,u" | 


J 
4 labc,RS 


. (A-14 
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3) The Equations of Motion 


lo define the longitudinal motions of the helicopter 
fuselage, three equations of motion must be written 
ccording to Newton's second law of motion. For 


vertical motion (Z direction 


moQR = Z — meg A-15 


For hor1z ital motion (X direction 


muQR = Xp : X71 < ae (A-16 
For pitching motion, with reference to Fig. 1, 
l a Z(xXo + Bea, t 
Xp a i X7 (29 — Xoa,) + M pu (A-17 


where .J/,, is the aerodynamic moment acting on the 
fuselage. It may be defined in terms of moment co- 


pane AY R 


eflicients, as in fixed wing aircraft by 
“a | x 


[ 2S , j Ww oCm\ : 
ae EE deh ty -U°lem | (A-18) 
abc.R u) Oa, S 


For helicopters having horizontal tail surfaces, an 
additional pitching moment 7, due to the tail surface 
must be included in Eq. (A-17), where .\/, is given by 
uQR)| X 

[(1/2) pQ?R*u07|S.xo, 


VU, = Cr, lay + (xy dy 


a 


(A-19) 


4) Flapping Motion Equation 


The equation of flapping motion of a rotor blade is 
derived by requiring that the total moment due to 


centrifugal, inertia and aerodynamic forces must 


vanish. (The moment due to the static weight of the 
blade is neglected.) The centrifugal, inertia, and aero- 
dynamic forces acting on any blade element may be 


written as follows: 


centrifugal force = (p)c.dr)Q?r (A-20) 

inertia force = (p,cdr Br (A-21 

aerodynamic force = a[6 — (Up/Ur)] X 
[((1/2)pl’r?] (c. dr) (A-22) 


The moments of these force elements about the flapping 


hinge are: 


moment of centrifugal force = —6r*p,c.Q°*dr (A-23 

moment of inertia force = —p,c,Br-dr (A-24 

moment of aerodynamic force = a[@ — (Up/Ur)] X 
[((1/2)pUr7?]cerdr (A-25) 


lhe sign convention used is that a moment tending to 
increase the flap angle is positive. Hence the equation 


of flapping motion of the blade can be written as 
PR R 
= Br* pyc. Q?dr — { pc. Br°dr + 
0 0 
*R U 
PUP ++ 6 
a (« —- — )( l r) crdr = 0 
Jf l T 2 


(A-26) 
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Substituting for l’7 and L’p [Eqs. (A-2) to (A-5)] and 


integrating, Eq. (A-26) becomes 


8 1 ( 8) sin y 1) 6 
eee | ear a, 
Q 2 | Q 3 fo 
cos y) ] yf jl ayn sin? y 
B= # J nu -+ 
34 2L Q 2 


j a,n\ sin y 1) = 
i. N (0) 27 
(« 0 > it | A-2? 


A-27 
azimuth position of the blade, the coefficient of each 
How- 
ever, it is difficult to ensure that all harmonics vanish 


In order that Eq. may be satisfied for every 


harmonic of Eq. (A-27) must vanish separately. 
simultaneously since the flap angle 8 was assumed to 
be given by only the constant and first harmonics of 
a Fourier series. It is assumed that the values of do, 
a,, and }; obtained by equating the constant, sine, and 
cosine components of Eq. (A-27) to zero would make 
the higher harmonics negligibly small, thus assuring 
that Eq. (A-27 

azimuth position. 


is satisfied approximately for every 

The validity of this procedure 1s 
corroborated by the fact that measured values of the 
second harmonics content of 8 are about 1/10 of the 
first harmonics. 

Substituting for 8 and @ the expressions (A-6) and 
(A-7) in Eq. (A-27) and equating to zero the constant, 
sine, and cosine component of the resulting equation, 
one obtains: 
for the coning angle, 
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for the lateral flapping angle, 
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for the longitudinal flapping angle, 
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APPENDIX B- TRIM EQUATIONS 


The trim values of the variables of motion are deter- 
mined from the equations of motion already derived 
by setting all perturbations equal to zero. It will be 
assumed that the variables of lateral motion have a 
negligible effect on the variables of the longitudinal 
equations of motion and are therefore set equal to zero 
in these equations. 

From energy conservation, by equating the energy 
delivered to the rotor hub to the energy dissipated in 
rotating the blades through the air and in moving and 
maintaining the helicopter in the air,® 


GC, oCp,’ t+ 4.65 2) + Cr? frtto® T 
- ( 4.06 0”) ( -|) 
° = 2k | 2S 
k = V1 + (Xo/to)? uy ~ 0) B-2 
/ > ( -2) 
do = Vv Cr Z “u = of 


From blade element theory, by taking the moment of 
the aerodynamic force acting on each blade element 
about the rotor hub, summing up for all the blade ele- 
ments, and equating this resulting torque to the torque 
delivered to the rotor hub, one obtains 
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| ] rot 
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By equating the weight of the helicopter to the 
steady-state vertical thrust given by Eq. (A-9), 
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The solution of Eqs. (B-1) to (B-4) yields 
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From the blade flapping equations 
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From the equilibrium of forces in the X direction 
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From the pitching moment equation 
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From the sine component of the blade flapping 
equation 
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Steady-State X- and Z-Forces 


The steady-state X- and Z-forces (Xo and Zp) are 
obtained by substituting the trim values calculated 
above into Eqs. (A-12) to (A-14), and (A-9), whereby 
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TABLE I — LONGITUDINAL EQUATIONS OF MOTION 
COUPLED BODY AND ROTOR DYNAMICS 
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STABILITY DERIVATIVES: LONGITUDINAL EQUATIONS OF MOTION COUPLED BoDY AND ROTOR DYNAMICS 
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| COEFFICIENTS OF DEPENDENT camara 
VARIABLES COEFFICIENTS 
EQUILIBRIUM 
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STABILITY DERIVATIVES: 
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TABLE ID — LONGITUDINAL EQUATIONS OF MOTION 
USING QUASI STATIC APPROXIMATION 


LONGITUDINAL EQUATIONS OF MOTION USING QUASI-STATIC APPROXIMATION 
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DISCUSSION 
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rbulent boundary layer at supersonic speec 


f this note is to report meas 


The purpose « 


transfer on bodies of revolution with uniform 
ture for surface Mach Numbers in the range 
sides adding to the general fund of information, 
hen compared with the available flat plate data, 
‘perimental evaluation of the transformation be 

‘one flow and plate flow for the turbulent boundary layer 
fer measurements were made with two models, a 


The cone was a thin 


cant ogive (see Fig. 1 

inned model designed for heat transfer measurement by the 
isient technique he skin thickness distribution was cal- 
to provide a uniform surface temperature under condi 
s of t flo lrurbulience was induced with an arti- 
oug tri it the model nose This model was tested 

nrecooling with solid carbon dioxide and by preheating 
I secant ogive was a segmented electrically heated model 
were obtained under conditions of constant surface tem- 
ture The ogive caliber was 47 and the length to diameter 


19. Thus the model corresponded very nearly toa 14 
cont The surface Mach Number variation was from 
Heat transfer 


;at the nose to 2.67 at the rear of the model 
were obtained only with natural transition and therefore 
s necessary to calculate the turbulent Reynolds Numbers 


sed on characteristic lengths measured from the origin of tur- 
nt flow Phe 


transition locations were obtained from 

lowgraphs, recovery temperature measurements, and_ the 
transfer measurements 

The heat transfer data are presented in Stanton Number versus 


er form in Fig. 2, where the open points are the 





nts made with the above described models. The ait 





ive been evaluated at the free-stream conditions at 


lge of the boundary layer. To permit comparison of 


1 of the ta on a single plot, the data in each case have been 
verted toan Af, = 2.6 and 7,,/7, = T,/T, = 2.22 (recovery 
tor 0.9) basis using Van Driest’s theory! for cone flow? to 
rform the conversion. The spread in the data is about +12 
cont 

For comparison, the flat plate data of Pappas? for .1/ 2.27 





plotted as the solid points in Fig. 2. As with the cone data, 
s data has been converted to JJ; = 2.6and 7 1 = ] 1 
2.22 ng Van Driest’s theory The spread in this data is 





ibout + 10 per cent 
The solid curve is a fairing of the drag measurements on a plate 
Coles! and the drag measurements on a cylinder by Chapman 


ind Kester 
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through the modified Reynolds analogy, 


Conversion to Stanton Number was accomplished 


{ value of S 1.20 was used as suggested by Rubesin® and Seiff 


for this Revnolds Number range. This curve, converted to cone 
flow through the Van Driest transformation,? is presented as the 
lashed curve in Fig. 2 

In both the cone flow and plate flow cases, mean lines through 
the heat transfer data will lie at slight angles to the skin friction 
lata. However the increase in heat transfer from plate to cone 
flow appears to be equal to that indicated by the skin friction 
urves. Hence, within the range of parameters tested, and in 
spite of the scatter in the data, the tentative conclusion is that 
the Van Driest transformation from plate flow to cone flow pre- 
dicts the correct increase in heat transfer. When more accurate 
transfer data become available, this conclusion may be 
modified somewhat. 

Fig. 3 presents heat transfer data from several laboratories 

St/St; form as a function of Mach Number just outside the 
boundary layer. The vertical bars in each case represent the 
scatter in the data All of the data have been converte lto iy T 
conditions usirg the theory of Van Driest. The cone data have 


deen evaluated at Recone = 6 X 106 and the plate data have been 
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Fic. 2. Comparison of turbulent heat transfer and skin friction 
data at ./ = 2.6 
evaluated at Repiate = 3 X Lt rhe solid curve is a fairing of 


the turbulent skin friction data of Coles‘ and of Chapman and 
Kester It is important to note that the location of the heat 


transfer data on this plot de pe nds to 


i large extent on the calcu 
This value has been computed from the incom 


f Karman-Schoenherr® and the 


lation of St 


pressible skin friction theory « 


modified Reynolds analogy using a value of S 1.20 as before 
With this value of S, the heat transfer data have the same vari 
ation with Mach Number as the skin friction data. Again the 
comparison must be tempered by the fact that the scatter in the 


heat transfer data is 1 irge 
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On the Stability Theory of Flow with Finite 
Disturbances 


S. |. Pai 

Institute for Fluid Dynamics and Applied Mathematics, University 
of Maryland, College Park, Md. 

July 29, 1955 


— Stuart published a note! on stability theory of 
flow between parallel planes with finite disturbances which 
gives contradictory results to my recent paper.? The difference 
arises from what equation one should use for the basic flow 
Stuart claims that one should not use the customary equation for 
basic flow Eq. (6) of his note, but another modified equation, 
Eq. (7) of his note. Of course I cannot agree with his argu- 
ments, I think that such a controversy may be solved by a con- 
sideration of what we mean by the stability of a laminar flow. 

My definition of the stability of a laminar flow is as follows 
Suppose the system of hydrodynamic equations has a time-inde- 


pendent solution 
ti;(x,) and p(x,) (1) 


for the velocity components and pressure. We want to investi- 
gate the stability of the flow represented by (1). We give the 
flow (1) a disturbance, finite or infinitesimal. We may then 
consider an initial value problem with such a disturbance on the 
basic flow. If the solution approaches solution (I) as time goes 
to infinity, the flow (I) is stable. Otherwise it is unstable. In 
this manner, if the basic flow tends to a state of laminar flow 
other than that given by (I), the flow is still considered to be 
unstable. 

From the above definition, it is evident that the differential 
equation for %,(x,) and p(x,,)—Eq. (6) of reference 1—always holds 
no matter what the size of disturbance is. It holds for both 
finite and infinitesimal disturbance. I use this relation in my 
paper. It is correct. Thus Stuart’s criticism of my use of Eq. 
(6) of his note for basic flow is not valid. 

I do not know what Stuart means by stability of a laminar 
flow. His mean flow equation, Eq. (7) of his note, will not re- 
duce to Eq. (6) even if his disturbance velocity components, 
u’ and v’, are zero because of the term 0”/dt. Does he mean 
that the flow is stable if it changes from a time-independent flow 
to a time-dependent flow after disturbance? 
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On the Energy Balance in a Compressible 
Boundary Layer 


K. T. Yen 
Rensselaer Polytechnic Institute, Troy, N.Y. 
September 3, 1955 


SUMMARY 


The energy balance in the compressible boundary layer over a flat plate 
is considered. The energy equation is simplified by comparing the order of 
magnitude of various terms present in the equation. Some simple relations 
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expressing the energy balance between the mean flow and t turbule; 
fluctuation are given for the particular case of the Prandtl Number of uni 
If, in addition, the plate is insulated, it is shown that the sum of the tot 
temperature of the mean flow and that of the turbulent fluctuation 


stant in the boundary layer 


INTRODUCTION 


7 EQUATIONS OF motion and energy of a compressible ty; 
bulent boundary layer have been considered by sever 
authors.!»2. These equations are simplified considerably hy 
using the boundary layer approximation and by comparing th 
order of magnitude of various terms present in the equations 
The purpose of this note is to re-examine the assumptions mad 
in these approximations—especially for the energy equation 
If an insulated flat plate is considered and the Prandtl! Number js 
taken as one, some simple relations-——-Eqs. (22) and (23)—ar 
obtained for the energy balance between the mean flow and th 
turbulent fluctuation. Similar expressions have been obtain 
by Young,” but both the derivation and the results given in refer 
ence 2 do not appear to be very clear 

The assumption is usually made that the total temperatur 
per unit mass for the mean flow in the boundary layer is constant 
for the Prandtl Number equal to one However, the investi 
gation reported here shows that, strictly speaking, this assum 
tion is not true. Instead, only the sum of the total temperatur 
of the mean flow and that of the turbulent fluctuation is con- 


stant 


Basic EQUATIONS 


The differential equations describing the two-dimensional 
steady, compressible flow in a boundary layer are 


[O( pu) /Ox] + [O( pv) oy] = 0 
9 Og r Or yz 
(pus) + (puv) = a 9 
Oy Ox oy 
fe) Oo, Or 
(puv) + ( pv?) = 4. 
oy oy Ox 


0 ; @) au re) ‘ 
Co (puT 4) T Cy (pvT 7) T C; (pwl 4) = 
Ox ] (e) 


Oy S 
o oT o oT o 
k " k + — [u(p + o2)] + 
Ox Ox oy Oy Ox 
[ ] [ o 
[wp + oy)| + w( p T Os) Tt (UT UT T 
Ov , Ox 
re) 
(UTyrz Tt WTy:z) 2 ‘ (UT: T Ty 
- = l 
where Ty = T + = (u? + v2? + w? 
<Cp 
Ou 2 Ou Oi Ou 
pt+o= Qu _ m 4 1. 
Ox 3 Ov oy Oz 
Ou 2 Ou ra) Ou 
PT Cy = af *—- t t 
oy 3 Ox oy 0 
ow 2 Ou Ov ow 
p+o.= 2p ——- + t 
Oz 3 Ox oy Oz 
Ou O07 
Pig ea 4 
Oy Ox 
ov Ww 
Tye = ft 4 
Oz Oy 
Ou Ou 
Teor = | patie 
Ox Oz 


The mean value of a quantity is hereafter denoted by a | 


and its fluctuation by a prime. For example, 
—_— ’ 
u=ut+u’, pu = pu + (pu) 


It can be shown that (mean value and fluctuation of products 


have been used by Van Driest!)— 
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pu = pli + p’u’ 


pu)’ = pu’ + p'a + p’u’ — py’ 


For incompr‘ ible flow—i.e., p is constant—pu pu and (pu)’ = 


For convenience, the following symbols are introduced: 


= ] 
Tum = I + ii? (6 
2 
= l ; = 
ln 2 + ie? 2+ ww"? i 
=C; 
where Tm may be considered as the total temperature of the 


ean flow, and 7; the total temperature of the ‘‘turbulent 


quctuation’’ in the boundary layer. It follows that the total 
temperature of the turbulent flow Jy is given by 
I 
7 = TH + TH tT uu (3S 
cd 
- 1 = = = - 
Tu = Tun + 5 (u’? + v2 + w’?) (9) 
l ; = 
Ty =i] ve T (2iu —xyx*—-v?—w-? (10) 
2 
@) 7 - e] re) i 
4 Cpl T p (¢ ie & (Cpl x) + 
On O% Oy ron 
l O(cpT) 
im — ] 
Pr Oy 
vhere 7 can be written as 
oj] 1 (2 ov’ =) (vO -o ) ( ; 
l= ye u 4 4 me & a 4 
ox | L3 ox oy oy oy 
oe | l (Ce Ov’ =) ( , ov’ ~) 
mn i + 4 + | u 
oy | 3 Ox oy Oz Ox Ox 


u 


In obtaining the foregoing equations, it is assumed that c, is constant and the fluctuations of u and & can be disregarded. 


9 19 


expression for J, the term (u’2 + v’2 + w’2), when differentiated with respect to x or z, is small and may be neglected 


flow, the continuity condition requires that 


(Ou’/Ox) + (dv’/dy 


Consider the remaining terms in 7 
Ov’ Ou’ Ov’ Ou’ ow’ Ou’ Ou 
—. a 
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After substituting each quantity by the sum of its mean value 
and its fluctuation, and taking the time average, one obtains 
from Eq. (1) 


) Of pi 
Ape 4 - = () (11 


Ox oy 
Similarly from Eqs. (2) and (3), by making use of the boundary- 
layer approximations for the mean flow and Eq. (11), the follow- 
ing equations are obtained 


Ou Ou Op 0 Ou 
pu T pi =~ T Ke 
Ox oy Ox ov ov 
0 
pu) u pv) u 12 
Ox O*V 
op =e 
0 = + (pu)’t + pv)'v’| 13 
oy ox Oy 


Eq. (13) shows that, in general, an additional pressure gra- 


dient will be introduced by the flow fluctuations. However, this 
additional pressure gradient will not be considered in this work 


In this case, the energy equation becomes 


( Ov’ =) i of l (e Oo: Ou ) 
+ fu — 7 > + wl] = u - 4 
oz oz J If oz: 1 13 Ox oy m) 


, Ow’ , Ou’ ( , ow’ =) >= a 
—w—I+ie —w + u’? + y'? + yw" 
Ox Ox oy oy 2ds-— { 


In the above 


For incompressible 


+ (Ow’/Os) = O 15) 


If w is constant, and the turbulent flow is isotropic, the following relations are true‘ 


Ou’ ow’ Ov’ ov’ Ow’ 


= ft = = () 16) 


Ox OY Oy OX , Ox OY Os OX Oy Oz Ov Oz 


If the turbulence is not far from isotropic,’ quantities in Eq. (16) are s 


ind the energy equation becomes 


mall and may be neglected. Then, in Eq. (14), J can be neglected 


Be wos m) Rs 1 OcpT) ”) my) =e . 
d Cpl xn T pi Ce i H = Me (¢ Ty T BM — ] pu i Tt t+ UU (p (¢ TH: tT UU 17) 

ox oy oy oy Pr ov ox oy 

The above equation has been shown to hold true for incom a=0,Tx Tw =0 y=(0 
pressible flow. The same form of the energy equation may be a =U Ty = Tue = T~ +(1/2c,)0 y=6 
ipplied to a compressible case, provided J is also a small quan- u’ =v’ =w’ =0 y = Oand y = 6 


tity. This requires that the fluctuation of density is small so 
that Eq 15 
variation of u is small in the turbulent region so that the remain- 


may still hold true approximately and that the 


ing terms in J can be neglected by using the “isotropic condition” 


turbulence. The fluctuation of density is expected to be 


small for moderately high speed flows. Since in the laminar sub- 
ayer I is small, and in the turbulent region the variation of 
is, in general, also small, Eq. (17) is expected to be valid for 


€ compressible turbulent boundary layer 


ENERGY BALANCE IN THE TURBULENT BOUNDARY LAYER OVER A 
FLAT PLATE 


Consider the turbulent boundary layer over a flat plate—i.e., 


\0p/ox) = 0. The boundary conditions are 


have 
1 


are analogous, the following 


If the Prandtl Number is taken as one, Eqs. (12) and (17 


the boundary conditions on # an 


the same form; and since 
( ZH a Tw) 
relations are true: 


Tw being constant 


ri Tn Tu = Cu + 18) 
ray + iu’ = CU + 19) 
where ¢ and c are constants. If cs; is a constant, it has to be 


‘is not a constant If 


zero since at the wall, uw’ = v’ = Oand 7 
C3 is zero, however, Eq 19), when iveraged, will no longer be 


Hence, c; must be a function of x and y, and, in fact, is 
18), the constant ¢. 
is equal to 0 from the boundary conditions at the wall. If the 


i.e., (OT x oy) = O at the the constant 


true 


equal to (1/2) (#’2 + v7’ + w” In Eq 


plate is insulated wall 
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¢, must be0. Hence Eqs. (18) and (19) become 
Cpl H = Cpl Ho = Cyl w (20) 


Cpl’ + (1/2) (wu? + 0’? + ww") + tin’ = 
(1/2) (u’? + 0°? + mw") (21) 


From Eqs. (9) and (10), the above two equations can be written 


as 
Ty = Tym + (1 2cp) (u’? + 0% +4") = Tw (22) 
Tx’ = () (23) 


Addition of the above two equations yields 
TH = Tu. = Tw = constant 


Therefore, when the Prandtl Number is equal to one and the plate 
is insulated, 7y is constant throughout the boundary layer 
But the total temperature 77m for the mean flow is not constant 
as can be seen from Eq. (22). Klebanoff’s experiment® at low 
speed indicated that the ratio (w’? + v2 + w’”)/U,,” is less 
than 2 per cent throughout the boundary layer. However, Eq. 
(22) shows the energy balance between the mean flow and the 
turbulent fluctuation for this particular case, even though 
u’? +v’2 + w’? may be quite small. 

The energy relation given by Eq. (21) is of some interest. It 
shows the relation between the velocity of the mean flow and the 
fluctuations of the temperature and the velocity components. 
If the fluctuations of the velocity components are related to the 
mean flow by the mixing length theory, say, this equation can 
be used to determine 7”. 
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On S-N Curves for Fatigue Analysis 


B. E. Gatewood and J. P. Honaker 
USAF Institute of Technology, Wright-Patterson AFB, Ohio 
August 26, 1955 


scrote Heller, and O’Leary have obtained recent test 
data for S-N curves and for certain random loading dis- 
tributions on AA 2024 and AA 7075 aluminum alloys. Tweuty 
tests of smooth rotating beam specimens were run for each of six 
stresses on S-N curves and for each of nine selected loading spec- 
trums at six stress levels. 

The scatter in the test results is expressed in terms of prob- 
ability of survival for both the S-N curves and the loading spec- 
trum results.'. The cumulative damage, based on sum of cycle 
ratios =(n/N), depends upon which probability of survival S-.V 
curve is used and which loading spectrum survival value is used 
Table 1, calculated from the test data, shows the wide range of 
X(n/N) for various combinations of survival values. In the 
Table, spectrum A represents NACA data on operation of east- 
west transcontinental-transpacific flights of typical transport 
aircraft. 

Since many investigators have used S-N curves and sequence 
loadings based on tests of one to three specimens at each stress, 
the above results appear to be significant in attempting to de- 
velop a theory to determine fatigue life or allowable fatigue 
stresses. The proper S-N curve may be as important as the 


MARCH, 1956 
TABLE 1 
2024 Aluminum Alloy 
Characteristic Probability of Survival = 1/< 0.37 
S-N Curve Spectrum A - 
Probability of Probability of ae 
Survival Survival ~ N 
0.37 0.99 0.19 _ 
0.37 0.3% ).35 
0.37 0.01 0.5] 
0.99 0.99 ). 48 
0.99 0.37 0.88 
0.99 0.01 1.30 
0.01 0.99 0.10 
0.01 0.37 0.19 
0.01 0.01 0.28 


method. The table indicates that the cumulative cycle ratio 
(Miner’s Method) is usually unconservative, but not for all com 
binations. Using the characteristic S-N curve and the char 
acteristic number of cycles for each load spectrum, Honaker 
has found that Shanley’s? ‘‘2x reduced stress’? method checks al 


the loading spectrums! within +4 per cent on the stresses. Also 
Shanley’s ‘‘1x reduced stress’’ method agrees with Miner’s method, 


thereby substantiating Shanley’s? statement to that effect 


Although Grover, Gordon, and Jackson® have discussed this 
problem of scatter in the S-N curves and have indicated the de- 


sirability of using probability methods to evaluate the data, the 
authors believe that the above results emphasize still more the 
necessity of proper testing in fatigue work. 
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The Asymptotic Behavior of the Boundary 
Layer to Transverse Curvature* 


H. G. Lewt 

The Pennsylvania State University, University Park, Pa 

August 25, 1955 

— EFFECT OF transverse curvature of very slender bodies 0! 

revolution where the boundary-layer thickness is not small 

compared with the radius of the cylinder is well known. The 

skin friction at the wall is increased by the transverse curvature 

We intend to show here the asymptotic behavior of a boundar 

layer far downstream of the nose of a circular cylinder with 4 

slight amount of suction at the surface. In particular, we ex 

hibit the result that the skin friction at the wall for this case's 

proportional to the suction velocity as in the flat plate case 
For the conditions far downstream of the flow over a circular 


cylinder the pertinent equations are 
v(du/dr) = (v/r) (d/dr) [r(du/dr 
d(rv)/dr = 0 é 


* This research was supported by the United States Air Force, throug! 
the Office of Scientific Research of the Air Research and Development 
Command 

t+ Associate Professor of Aeronautical Engineering 
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chere u, v are the velocity components in the axial and radial 
‘rections, respectively, 7 is the radial distance from the origin, 
nd pis the coefficient of kinematic viscosity 


The solutions for this set of equations are 
u/U=1—(r/rm)» J 


rhese solutions satisfy the boundary conditions that 


r=? \v = v% = constant | 
(u =0U } 
pie ee 5 \ 
and for suction considered here v <0. Weare interested in the 


skin friction at the wall which, by the usual definition and Eq 


,1S 


Tm) = —puHl (5 
Thus the skin friction at the wall is independent of any curvature 


fect 
In the two-dimensional flow, the asymptotic solution far 
jownstream of the leading edge of the plate has been given by 


Griffith and Meredith! to be 


u/U=1-—e’ (6 


fora uniform suction at the wall. The corresponding wall skin 
friction is 
T = — pv U (4 
which is exactly that for the circular cylinder 
It can also be very simply shown that for large ro the flow over 


the circular cylinder approaches the flat plate case. Let us intro 


luce in Eq. (3) the coordinate y measured from the cylinder, that 


is,r =? y; then by letting rp ~ ©, the two-dimensional flow 
is obtained 

We have shown that the skin friction at the wall of a circular 
eylinder with a small amount of uniform suction at the surface 
is not affected by transverse curvature far downstream. The 
flect of the suction is, of course, to thin the boundary layer so 


that all quantities approach a constant value 
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A Numerical Method for Laminar Heat 
Transfer on Cylinders in Plane Compressible 
Flow? 


Kwang-Tzu Yang and Herold H. Sogin 

Assistant Professor of Mechanical Engineering, University of Notre 
Dame, Notre Dame, Ind., and Assistant Professor of Engineering 
Brown University, Providence, R.1., Respectively 

August 26, 1955 


SYMBOLS 


1 
n defined by Eqs. (12) to (17 
specific heat at constant pressure 
index of x-divisions 
index of y-divisions 
thermal conductivity 
characteristic length of cylinder 
’ increment in the x-direction 
' This note is based on the senior author’s Ph.D. thesis, written while 


1€ Was at Illinois Institute of Technology. It was the last thesis read and 


‘pproved by Dr. Max Jakob just before his death on January 4, 1955 
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n increment in the y-direction 


V dimensionless quantity defined by T/u 
V Re Reynolds Number 

Vpr Prandtl Number 

p pressure 

1 absolute temperature 

u velocity in the x-direction 


velocity in the y-direction 
x distance from the point of stagnation measured along the surface 
of the cylinder 
distance from the surface measured along a normal 
Z any function of x and 5 


central difference operator 


m dynamic viscosity 
4 kinematic viscosity 
p density 


Subscripts 
undisturbed or free stream flow 
outer edge of the boundary layer 
u wall] 
Superscript 


dimensionless quantity 


DISCUSSION 


ie CALCULATING two-dimensional laminar boundary layers in a 
compressible flow, available methods fall into the following 
three groups which usually require some restrictions regarding 
property values: 

(1) Methods dealing with problems of zero heat transfer across 
the surface of the cylinder: after some simplifying assumptions 
and transformations the momentum equation is exactly reduced 
to that of the incompressible-flow case, so that a corresponding 
solution of the incompressible-flow may be employed. 

(2) Methods utilizing exact solutions for compressible flat 
plate or wedge flows: the body is considered to be composed of 
a number of wedge-like parts, and the exact solutions which have 
been obtained under simplifying 2ssumptions are applied to each 
part 

(3) Methods based on a modified Karman-Pohlhausen integral 
procedure which again involves various simplifying assump 
tions.® 

The purpose of this note is to describe a numerical method 
which is free from any assumption concerning the property values 


It is an extension of Goertler’s method of finite differences? which 
he developed for incompressible layers without heat transfer 
The present method has been developed for application to the 
problem of two-dimensional compressible flow over a body of 
arbitrary cross section having a uniform surface temperature. It 
appears that with small changes this numerical method can also 
be used to solve more general problems which may involve sur 
face temperature variation, specified rate of heat transfer at the 
surface, and transpiration 


By introducing the dimensionless quantities 


: x : y \ 
x = y = / 
L ; L . 
. = NV N I 
ul 
. k ti 
k* = fo” = 
k r 
eee 
No = 
Uo 
( 1 
u* = T* = 
it 7 
‘ p o a 
p _ be = 
p M 
" f ~ ULL 
p = = N; = 
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the well-known differential equations for laminar boundary layers 
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in a compressible flow assume the following dimensionlesst 
forms. 


Continuity: 


0 re) 
(pu tT (pv) = OU (1) 
4 oy 
Momentum: 
Ou Ou du. ra) Ou 
pu tT pi = Poll T ye (2) 
Ox oy dx oy ov 


Energy: 


oT o7 l a) ( ") ” (o") 
pc pl T pC pl = = k a . om 
Ox oy Npr. o OY oy N oy 


u du, 
Pata (3) 
N dx 
The boundary conditions are 
y=0 u=v=Q0 T = T, (constant) ( (4 
y= a “=u T=T, \ 


The distance x is measured along the profile from the forward 
stagnation point, and y along a normal to the surface. Any 
quantity in the flow field can then be identified by means of in- 
dices i and j, which refer to the x- and y-directions, respectively 
The index 7 is zero at the stagnation point and the index j is zero 
The profile length is divided into 
The end of the first interval 
Similarly, the normal at 


at the surface of the cylinder. 
a number of intervals of length m. 
is called the first station (7 = 1), etc. 
each station is also divided into a number of intervals each of 
length n. 

Central differences of the first order are defined in the x and 


y directions, respectively, by 


O65,9 @ Zigtg ~— 2-3 (7 
r r r q oo 
byZi» j Sii¢t — 245-1) 
and central differences of the second order by 
6,7Zi, j 6,2; at 6,2; Rp if (¢ 
OfZi, 5 = OZi, p41 — B24 -1) 


where Z is any function of x and y. The partial derivatives with 
respect to both x and y may then be approximated by these 


finite-difference quantities as follows: 


OZ 624:, ; OZ _ Sy Zi, 3 
ox am oy Qn ” 
WZ 622, ; eZ 5, 2Zi, | wae 
ox? 4m? oy? : 4n? 


The errors involved in these approximations are of the order m? 
or n*; it is assumed that the errors are small, and for convenience 
the approximation sign will be replaced by the equal sign 
Solving for the quantity pv in Eq. (1) by integration, 
y , 
Ol pi ) 
| i ay (Ss 
0 Ox 

After substituting for the derivative in terms of the finite differ- 
ences and integrating by means of the trapezium rule, Eq. (8) yields 


n | 6,( pl), 1 


(pv)i,1 = — 
2 2m 
5—=} rs fs ( 
Or pul )i, «s n Or( plt)i, (9) 
(pv)i, ; = ae > iz 
s=] 2m 2 2m 


for] >2 


By replacing the derivatives in Eqs. (2) and (3) with difference 
quantities and introducing pv from Eq. (9), the momentum and 
energy equations reduce, respectively, to 


: 6,(pu)i, ; S57 %;.:3 
Ci, + Di, ; = Aj, (10 
] 9 j 9 ] 
2m 2m 


t In the following equations and in the remainder of this note, the as- 


terisk is omitted from all quantities for simplicity 
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ae 5,(pu)i, = | #2 - 
2m iL 2m 
where 
1 re ( 1 Mi, 5° ) (“ ( 
Ai; = 6,(wb,u ); ae : Pom! 
1n?2 MO, p T;. f t 
6, Ui, vo 6,(p ] 
2 a 2m | = 
l . 
B ‘ = 3 Oy ké,,1 = (0,uU 
4n?Np,, tn?.\ 
(¢ 6 7 ° — 6 (pu Ui, U 
2 ~, 2m a - \ 6 ) 
( = Ki, — (1/4)(6,u 4 
D;, ; = (p/7 tie, 32 
E;, = |(c, } (6,7, t 
F;, i = (plt)i, AC, 7 


Solving simultaneously for the two bracketed quantities in Eqs 


(10) and (11), 
6,( pu), ; (= sz) ; 
2m “Ce + DE 3 


(A+) (= + x) 
2m CF + DE/;, ; 

Suppose that both the velocity and the temperature profiles 
at a certain place x; are known. Then all the quantities in th 
right-hand members of Eqs. (18) and (19) can be calculated for 
every value of 7, except the six quantities, 


6,( ub, )i, 0 6,( 6, );, 1 6,li, 
6,(kb,T);, 6 6,(kib,T 3 6,1 


These are determined by a special procedure, as follows 
Placing 7 = 0 in Eq. (10), 


6,(ud,U)i, 0 = —4n?|pu(du,, /dx 9 


Thus the first quantity is evaluated. Now the quantity 
(u5,u):;,1 Can be obtained by means of graphical interpolatio 
because values of 6,(u6,17), i 2 know! 


; for 7 = O andj > 2 are 
The quantity 6,7;, 9 can then be calculated by using the values of 


6,(ubyU)i,1, 5,%;,2, Ti,c, and T;, 2 in the difference formula, Eq 
(5). Placing 7 = 0 in Eq. (18), 
Np;, 
6,(k5,7)i,0 = — * Mi, byt, o)* 2 
No 


The remaining two quantities, 6,(k6,7);,; and 6,7%, 0, may 


calculated in a manner similar to that used in computing é 
(u6,u)i,1 and 6,1;, 0, respectively 

Now Eggs. (18) and (19) provide values of 6,( pu 
If in addition both the velocity at 


then the 


and 6,] 


for every value of j at x 
temperature profiles are known at x profiles at 
x; 1 can be calculated by means of the formula for the central 
differences. Therefore, in a practical problem if two sets o | 
profiles at two stations close to the forward stagnation point o! 
the cylinder are known, the properties of the entir¢ laminar 
boundary layer up to the separation point may be calculated by 
It is believed that f 


the present method of finite differences. 
air these initial sets of profiles can be determined with sufficientl) 
good accuracy by means of one of the approximative theories 
= | and that the fluid proper- } 
It appears 


based on the assumptions that V; 
ties are power functions of the absolute temperature 
that by starting the calculations very close to the stagnatio! 
point and by choosing m sufficiently small at the beginning of th 
calculations, any minor errors in the initial profiles have negligibl 
influence on the profiles a few stations downstream 

The choice of m depends entirely on the pressure distribution! 





the free stream. In the examples studied, approximately 2 
profile points for each of the initial profiles were found adequatt 
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The follo three problems have been solved by the present 
edurt |) incompressible flow over a circular cylinder, (2 
npre low over the NACA 65-010 airfoil at zero angle 
ttack in a free stream, and (3) compressible flow over the 
e airfoil tion placed in a two-dimensional wind tunnel at 
\ach Number 0.65. The results from the first problem are al 


st in perfect agreement with those of the nearly exact solution 
expansion.’ The results of the second problem 


rovide an excellent check on the equivalent wedge-type solu 

It is hoped that an experimental check on the third prob 
can be obtained from work in progress at Illinois Institute of 
Details of this method, including various graphical 


chnology 


trols, which are based on the qualitative analyses of the com 





] 


pressible laminar boundary-layer equations, are being considered 


for presentation at a future time Also, the results of the solu 


ions for the three problems mentioned above are being assembled 


for present ition 
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Subsonic Influence of Compressibility on the 


Pressure Distribution of a Profile 


Wie tat 

anager—Aerodynamics, AGT Development Department, General 
Electric Company, Cincinnati, Ohio 

eptember 1955 


USING SYMMETRIZATION of the hodograph equations 
ipplied by von Karman and Tsien, it does not seem to 


suppress the remaining deviation from the 


iplacian- Differential equation by putting x = —1 or to assume 





i p, p relation for approximating of the subsonic influence 
I on the pressure distribution of an airfoil pro 
However, for a given hodograph the change of profile form 
of Mach Number is so slight that its neglect when 
mputing approximately the influence on the pressure seems to 
lowed. The influence derived at for actual x, under the as 
umption that the distribution of the potential along the hodo 
raph contour does not depend considerably on the deviation from 

Laplacian-Differential equation, is in agreement with results 
For x = 1.4 the result is 


Notted in an easily usable form. 
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Let w be the velocity, 7 its directional angle, a the 


velocity, and J = w/a the Mach Number. Let! 
dk = V1 — IMP? (dw/w) = V1 — AF d log l 
where X=Q0 for M=1 
Let l(X) = (pe/p) V1 — M 2a 
Then for potential, ¢g, and stream-function, y, 
d¢/dDA) = —I(A) (OW/d> 3 
(Qge/dy) = +1(r) (QY/dA 1 
Let N(A) = L(A \) = d log //dy 2b 
Then O7y /OA?) + (072y/0 — N(A) (0¢/0A) = 0 ta 
O*y /OA2) + (07Y/07?) + MA) (OW /OA) = O th 
or with 
x ¢ vy, Xx =¢—ty, A = (0?/dd? 07/0 
a N . ac” ee 
Ay = N(A) (Ox/dA 5 


In Fig. 1, the quantities \/, /, N are shown dependent on 





One recognizes that for higher subsonic Mach Numbers, /, the 


term on the right side of Eq. (5) cannot be neglected by itself 


For low subsonic Mach Numbers it is possible, and Eq. (5) be 
comes of the Laplacian type 

The flow may be transplanted from the physical plane, 
plane, which may be called the quasi 
Fig. 2 If the 


file and the potential and stream-function are transplanted into 


x + 7y, into the uw = A 


logarithmic hodograph plane contour of a pro 


this hodograph pl ine, the stream-function along the profile and 
along its hodograph contour is the same. The hodograph con 
tour also extends over the same range of values of y as does the 


profile. The range of the flow field around a profile of slight 


thickness and camber where the velocity is considerably different 


from the velocity in infinity is generally small. In most of the 
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field, the velocity is not much different from the velocity in in- 
finity. Hence, in the hodograph plane most of picture flow of 
such profiles takes place in a strip relatively narrow in the direc- 
tion of X. 
and with the generally small extension of the hodograph in the A 


With y being constant along the hodograph contour, 


direction, the values of ¢g along the contour cannot depend greatly 
on N()\). 
eral small extension in the \ direction, they should be considered 


Therefore, for a given hodograph contour of in gen- 


sufficiently approximated by the values of ¢ if N(A) would be 
neglected. 

This does not mean, of course, that the influences of N(A) on 
the derivatives of y and ¢, as occurring in Eq. (5), would be 
equally negligible, since—except for the vicinity of singularities 
and stagnation points—the first derivatives are generally finite. 
However, in hodograph singularities and hodograph stagnation 
points the first-order derivatives are smaller by one order than 
the second-order derivatives. Hence, in their environment, the 
right-hand side of Eq. (5) is also negligible for sufficiently small 
N(\), that means practically for \ < O or VW < 1. 

Hence it may be a useful approximation in case of moderately 
thick and slightly thin profiles to assume the distribution ¢* of 
the potential ¢ along the contour 


H*(~) me tly) — 9 0 »} $ i st ae ) 
O\y) = i¢e'| (¢7 ¢1)/=)§/(¢2 ¥1 (6 
or vy = 7*(¢*) 


for a given hodograph contour of the suction side and of the pres- 
sure side to be independent of 7 

In the physical plane the distribution ¢ of the potential ¢ be- 
tween leading (y,) and trailing edge (¢g7) on either suction or 


pressure side 
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AX) = (AN) — Mer tT OL)/=1 5 (47 
or vr = x"(o 
is also approximately independent of the Mach Number alo: 


profile, although the derivatives of ¢ and y in the 
Hence, if the right-hand side of Eq. (5) is not neglis 


cient approximation is obtained by combining Eqs. ¢ d7 to 
= +(x) 
One may conclude that, for a given hodograph contour 
corresponding profile is approximately independent of the M 


as long as this profile is moderately thick 


Number J/ 
slightly cambered only and as long as in the field 
remains everywhere below that of sound 

It seems, therefore, not to be necessary to base ipproximatio 


listributio 


of the influence of compressibility on the pressur< 


along a profile in the subsonic range on V(A) = 0, « -1, of 


linear p, p relation—which for practical reasons has been co 


sidered convenient for computation of the slight changes of tI 
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i=— (i — 1 +i — M,? ) It should be observed that the term of the denominator cor 
| eS t= taining «x + 1, though not occurring in the von Karman-Tsien 
ipproximation, does occur with the same order of approximation 

( l h l I 


in Kaplan's application® of Rayleigh-Janzen’s method of small 
. ‘ id or - Ol “y ( ’ lliptical c nd neludi: 
After some transformation and neglecting terms of higher order perturbation’ when applied to an elliptical cylinder imcluding 


| of AX. one finally obtains (Fig. 3 second-order perturbation 
| ! ‘ Ss £ » 


Available test results also appear to be in agreement rather 
( : with Eq. (15). One may suppose that for moderately thick 
and slightly cambered profiles for a moderate range of angles of 
l attack, neglect of the right-hand term in Eq. (5) gives the sam 
( 1 ey V7 order and accuracy of approximation as the perturbation theory 
eo \ Wr 3 ! ; . : 
| V! = » V or : ) does when applied to second-order perturbation 
2 1—-V1-M,? $ 1-— M,? 
15 
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W HEN EMPLOYING the hydraulic analogy for the investigation 
of transonic flow over two-dimensional wedges, it is possible 


to consider the physical water flow as equivalent to an analogue 


gas having y = 2; this enables the physical water flow around 
the wedge profile to be treated as a distorted dissimilar model of a 
corresponding prototype gas flow (y = 1.4) about the same pro 
file.» 2 


For validity of the hydraulic analogy it is accepted that the 
towed model technique is desirable and that the water depth 
should be no greater than 0.25 inch. There is also conclusive 
evidence that the test profile should be from 1 to 2 ft. in chord 
length. If the profile is also thin the transonic similarity laws 
may be applied to derive the basic operating and prediction equa- 
tions required for dissimilar modelling for pressure coefficients 
is operated in such a way 


Thus, if the model—i.e., analogy 


that the similarity parameter 
K = {(Mew — 1)/M(y + 10(t/e) 7} 
has the same numerical value for affinely related model and proto 


type profiles, the pressure coefficients are proportional to 


(l/c) (y + 1 


where V = free-stream Mach Number 
t = thickness of the profile 
¢ = chord length of the profile 


Denoting the conditions existing in the model (analogous water 
flow) by suffix 1 and those existing in the prototype gas flow by 
suffix 2, with 7, = 2 and yx. = 1.4, there results the operating 


condition 


and the prediction equation 


C; ( y1 t l (’ ¢ ) 
= ( 
Cp, yo ae | ti C2 
These equations are perfectly general providing the model and 
From the point of view of model 


prototype are afiinely related. 
ling, however, it is more convenient to have model and prototype 
profiles the same—i.e., they should have the same slope distribu- 
tion functions and be geometrically similar—mainly because the 
factors producing distortion of the modelling are not precisely 
known. As the results of the modelling are stated in dimension- 
less form, the technique should be quite independent of the scale 
ratio employed if distortion prediction factors can be evaluated 

Factors producing distortions which have not yet been given 
much attention are: (1) vorticity downstream of the bow wave‘ 
which has a negligible effect in gas flow and an unknown finite 
effect in the water flow; (2) differences in the celerity of finite 
amplitude waves which, according to theory, are only qualita- 
tively analogous; and (3) the existence of a boundary layer along 
the model. Of these, item 2 appears to be of little consequence 
since application of a transonic similarity stretching factor to the 
bow waves in the model system gives shock angles very close to 
those computed for prototype gas flows. Just as in gas flow, the 
boundary layer causes a ‘‘rounding off’’ at the corners of the wedge 
with consequent shifting of the sonic point and a slight change in 
the pressure distribution. It also has a noticeable influence on the 
validity of the analogy and the foregoing operating and prediction 
equations. 

Using Eqs. 1 and 2, it should be possible to compute, from 
measurements of water depth, the pressure coefficients for proto- 
type gas flow about the same profile as tested in the model. On 
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this basis we would havc 


i, =t | 

qj = = \ 
However, the boundary layer along the walls has the effec; 
thickening the profile so that the “‘effective’’ slope distributio 
not that of the body being tested. Furthermore, the “‘effe 
profile is not an affine transformation of the physical profik 
obtain valid predictions on the basis of dissimilar modelling t 


then, represents a boundary-layer distortion. ‘There are two poss 


ble methods of overcoming such boundary-layer influen 
Firstly, one could shape the model so that the displacement thick 
ness of the boundary layer formed the required profile. Sucl 
approach is not economical as a series of models is required 
though it makes it (theoretically) possible to relate the pressur 
coefficients to the critical pressure at the shoulder. The seco; 
possibility is rather intuitive but allows first-order correction 
be made In this case the pressure coefficients must be rel ited t 
free-stream conditions taking into account the bow wave wher 
exists 

Since the boundary layer is invariably laminar 1 there is n 
large adverse pressure gradient with little separation for smal 
angles of incidence, the boundary-layer displacement thickness 
may be computed for the profile using chord distances as charac- 
only can | 


teristic lengths. This is permissible as thin profiles 


considered. Also, since the displacement thickness is small it may 
be assumed that the water depth at the effective profile is tt 
same as at the physical boundary, after making a meniscus corre 
tion, and the curvature of the displacement layer may be neg 
lected. The assumptions allow the effective profile to be cor 
sidered as an approximate affine transformation of the physic 
profile. Values of Cp, obtained from measurements on the mod 


are then transferred to prototype values using 


Here 6* is the displacement thickness of the laminar boundary 
layer for distance c along a flat plate 
6 = 1.73 V ( V a 


where a; = celerity of a small amplitude wave in the water 


Incorporating Eqs. (4) into Eqs. (1) and (2), we obtain 


Mao, — 1 VW — ] 





j y2 + 1 l ; 
M - ° a xX 
| ‘oF 1 L + 3.400/ (pe /to2 Moa) 


{ 
(. — | J 
{ 
ya + 1\" | 
: : * 
"m+ 1 1 + 2.3 W/(ve/to? Moja 
(Mo, — 1 | 


Similarly it may be shown that 


Cp, (= T ') l ‘ 11 
Con \ve +1 1 + 2(5*/te) 
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TABLE 1 
lues of Prediction Constants @ and 8 in the Equations Cr, = 
x ( and / = [B(1/ —1)]/+1 
Model Free 
Stream 
Mach 10 per cent Wedge, 15° wedge, 
Number 2 ft. chord 1.5 ft. chord 
VU a 8 a 8 
VR 1.01 0. 809 1.048 0.838 
1.0 1.018 0.815 1.05 0.841 
e 1.023 0.82 1.0538 0.848 
1.5 1.028 0.825 1.055 0.845 


The role of boundary-layer distortion in the equations may be 
seen from the values given in Table 1 which relate toa 10 per cent 
thick wedge of 2 ft. chord and a 15° wedge of 1.5 ft. chord towed 

,inch of water 

If the boundary-layer distortion is neglected, a and 8 have, re- 
spectively, constant values (Eqs. 2 and 3) of 1.077 and 0.863 
It is clear that the influence of the boundary layer is much more 
pronounced for the thinner sections at subsonic velocities. The 
ecessity of relating the pressure coefficients to free-stream con- 
litions introduces some tedious arithmetic but is most desirable 
the water flow at the shoulder does not bear a strong physical 


inalogy with prototype conditions. In fact at either extremity 
of the chord the analogy breaks down to some extent and only by 
working from the free stream is it possible to obtain valid pre- 


lictions over the remainder of the profile 
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SUMMARY 


It is shown that the fully turbulent boundary-layer velocity profiles with 
mass transfer given by Eq. (22) of reference 1 qualitatively agree with the 
experimental data of reference 4 when the constant of integration is differ- 
ently evaluated than was done in reference 1 When the constant of inte- 
ration is evaluated in this different manner, the independent theories of 
references 1 and 3 should agree for the case of Prandtl Number equal to 
ne. It is found that the method as outlined in reference 1 holds valid for 

alues of cy/cy ..» from 1.0 to about 0.66. For values of this ratio less than 


0.66, the adjusted constant of integration begins to play a strong role in the 
von Karman momentum integral, and the theory as outlined in reference 1 
gives progressively lower values of g/g, than are obtained when the ad 
isted constant of integration is used. This accounts for the discrepancy 
noted in a footnote of reference 2 between the theories of references 1 and 
) 


-. At supersonic Mach Numbers, for values of g/g, . less than about 


.66, the method of reference 3 should be used since this theory employs a 


constant of integration in the velocity distribution law equivalent to the 
ad 


‘justed constant used to bring the velocity distribution law of reference 1 





ato agreement with experimental results given in reference 4. References 
~ and 3 should accordingly be valid for the case of Mach Number zero 
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SYMBOLS 


local skin-friction coefficient 


A 0.40, mixing length proportionality constant 
Uv free-stream Mach Number 
Ty plate surface temperature 
la free-stream static temperature 
u mean local streamwise velocity 
U« free-stream velocity 
velocity of injection normal of plate 
u Pwl'r plate injection rate per unit area 
Pa free-stream density 
pr density at the plate surface 
m free-stream viscosity 
mn viscosity at the plate temperature 
u u/jl ¢/2) (Tw/T } 
p | Pal 2) (Tw/T 
pwyl pw) | 2) (7 If 


DISCUSSION 


HEN THE WRITER compared the velocity distributions 
W viven by Eqs. (22) and (23) of reference 1 for \/ 0 
and 7, = 7, with the experimental data of reference 4 in the 
form of plots of u* vs. y*, he found a disagreement not explainable 
by experimental scatter. About that time reference 2 appeared 
which indicated disagreement between local skin-friction equa 
tions given by references 1 and 2—for large values of injection at 
the wall, at least. Upon examination of the velocity distribution 
law given by Eq. (22) of reference 1 it became apparent that the 
probable source of disagreement was in the constant of integra- 
as Eq. (23 In the nomenclature of 


tion originally called out 


reference 1 the constant of integration was evaluated at 17,, = 0, 
T, = T.,, andv, = 0, and it was given as 
1 jf (7 cj (pwl)o) | . 
const. = — ~ log, - = —D (23 
k 7 7. 2 Bu { 
and, as such, was not explicitly dependent on 7 Closer inspec- 


tion of the velocity distribution law revealed that an alternate 
form of the constant of integration which is explicitly dependent 


on M., T./T., and Vw is 


const == b log, ) (7 (: ‘ { 


l | ‘ du ” 
Of ¥ - : <0a 
k J0 F(ut,1 
where 
Fut, vt) = ({1 + (T/T) v tut) }1 + B [(e;/2)(Tu/T,,)| “* X 
ut — A? [(c;/2) (T,/T u 2t) ; 
[is = (F/T, y — 1)/2} M 
B = (T.,,/Tw) — 1+ A*® 
It will be found that Eq. (23a) reduces to Eq. (23) when 7, 
= (0, 7, = T., ando = 0 As such, Eq. (23) represents the 
asymptotic value of the constant of integration asv* —~ 0. 4° 


is the value of u* at the edge of the laminar sublayer, which for 
M, = 0, v* = 0, and T, = T, is m+ = m* = 11.5. Once 
u,* and y,* are established in Eq. (23a), the constant of integra 
tion given in Eq. (23a) is fully defined 

The value of u,;* and y,* can be established by using the x 


momentum equation integrated across the laminar sublayer 


From Eq. (14) of reference 1, assuming (pv)’u’ 0, we have 
Tw = p(du/dy) — wi 
If it is assumed that » = yw, across the thin laminar sublayer, 
the above equation can be integrated from y* = 0 to y* = yi" 
to obtain 
loge [1 + (Tu/T,) m* = y,tv* (T,/T (A) 
Eq. (A) gives y:* as a function of v* and 7,,/T. for a chosen 


u,*. It seems reasonable to assume u,;* = 11.5—i.e., the friction 
velocity at the edge of the sublayer is assumed unaffected by 
mass transfer. Eq. (A) can be used in this manner to determine 
yi* for w+ = 11.5, and these values substituted into Eq. (23a) to 


determine the constant of integration to be used with Eq. (22 
















284 JOURNAL OF THE AERONAUTICAL SCIENCES MARCH, 1956 
a — . sé . . — 
An Extension of ‘‘Effect of a Turbojet Engine 
SUMPTIONS. AIR BLC TO AIR ot s sas . 
Se : on the Dynamic Stability of an Aircraft” , 
” : 
so} 
pmontnneohaaa W. P. Rodden, T. E. Surber, and J. H. Wykes 
f North American Aviation, Inc., Los Angeles, Calif 
PE ROES September 22, 1955 
+ a RUN 
! ’ 
9 REFERENCE 1, Vetter discussed some of the major effects of 
turbojet engine on the stability of an aircraft It is the pur 
pu 
pose of this note to derive static stability derivatives and ac 
tional damping derivatives due to duct intake effects and to 
pand on his section on power-on lift. 
a as EE Lil. Lott piiipi jy i Vitiis) SYMBOLS 
. in : . . . . . | Se oe airplane coordinates, c =nt al NACA stability axes 
Fic. 1. Turbulent boundary-layer velocity distributions with oyna Abaiotad pias ae eg ea inate = 
: . ‘ ee ae %,9, v Euler angles in roll, pitch, and yaw 
and without mass transfer at surface. : 
flight-path angle 
a angle of attack of Fuselage Reference Line (FRI Fre 
aj inclination of inlet duct centerline to FRI ecto 
of reference 1 to obtain a velocity distribution for the outer a inclination of gross thrust line to FRI - 
turbulent portion of the boundary layer. In principle, this is i peices eee intet V = 
 « ‘oa 8B angle of sideslip 
the approach followed by Rubesin in reference 3. ie sitcecaahy wnale at duct 1alet 
For the case of 1J,, = O and 7,/7T,, = 1, Eq. (28a) in com- V true airspeed 
bination with Eq. (22) of reference 1 yields the following friction Vi inlet velocity The v 
velocity law for the outer turbulent layer. ° or Sane Ree aoe - 
pi density at duct inlet =~ 
ut = ut + (1/k) (1 + uu, tv*) ” log. (yt/y, 7) + q free stream dynamic pressure 
[v+/(2k)?] [log. (y*/yi*+)]? (B) ° eee 
7 = Aj inlet reference area 
If k = 0.40, v* = O and, from Eq. (A), a+ = y,* = 11.5 Eq- b wing span , 
(B) reduces to the well-verified friction velocity law mean aerodynamic chord of wing ; prince! 
h distance of duct inlet above center of gravity 
u* = 5.7 logiw y* + 5.5 (¢C h isin (a + aj) + a cos (a@ + aj) see Fig. | 
distance of duct inlet ahead of center of gravity 
rhe writer assumed u,* = 11.5, T,/T,. = 1, and vt = 0.18 / icos (a + a) — asin (a + a), sze Fig. 1 
in Eq. (A) to obtain the value of y,* = 6.24 which was used in uy airplane gross weight 
Eq. (B) to obtain velocity distribution to compare with velocity : a i” 
: ° : ’ ° one ° ift suds 
distribution data from run \-4 of reference 4. The resulting : , 
. ¢ . } side force to he 
calculated velocity distribution is plotted in Fig. 1 The im- E rolling moment 
pervious wall velocity distribution calculated from Eq. (C) is Gy pitching moment Tag 
plotted in Fig. 1 also, along with comparable experimental data a PERE ROE CE ft 
. _ ° Pe Pe unit vectors 
from reference 4. The agreement between theory and experiment niet —> 
is, qualitatively, fair. That some extraneous influences are pres- I force vector, F iD + jk [ ; 
+h as wall vibrati r roughness, is evident from the a 4 
ent, such as wall vibration or roughness, is evident from the G nmeitecton G = 4G. + IG. + i 
v» = O data which appear to deviate from the well-established Cp drag coefficient onilite 
Eq. (C) in a manner to be expected if roughness is present. Van Cr lift coefficient 
Driest in reference 5 illustrates such effects of roughness on the : side force coefficient piten 
: ; | j 0 ( rolling moment coefficient 
“u* vs. y* plot for v, : ( pitching moment coefficient {Wil 
Since the adjusted constant of integration, Eq. (28a), reduces ( yawing moment coefficient aes 
" © coe ie o a ACW 
to the originally proposed constant, Eq. (23), as v~ — 0, it is to CR ram drag coefficient (ram drag = Cres 
, itl 7 , | 1 of f li lid bi 1 C7 gross thrust coefficient (gross thrust Crqs \( 
ye expected that the method of reference Is valid as originally VFR mass flow ratio, MFR piVi/oV 
presented for low values of v,. An analysis of this possibility bu horizontal trimmer deflection 
revealed that for values of v* < 0.03 the adjusted constant of A increment due to inlet mass flow effects ; 
. . ° ° es ee al 
integration differed little from the original value and the original Subscripts 
method should apply. Values of c;/cy,,. > 0.66 result for a partial differentiation with respect to a 
v* < 0.03. For lower values of the local skin-friction coefficient B PETES CERERRICOR Wilh Seaport te A AY 
> I all lt dine ‘iad Pp itIN Re | p partial differentiation with respect to bj /21 
ratio, the method of reference 3 for Prandtl Number equal to one q partial differentiation with respect to cd /21 
should apply and is equivalent to the method of reference 1 using ) partial differentiation with respect to by /2 
. . . . e = 
the adjusted constant of integration presented herein. 0 refers to zero angle of attack 
AC 
REFERENCES DISCUSSION Cc. 
! Dorrance, William H., and Dore, Frank J., The Effect of Mass Transfei In this dev elopment, three assumptions are made The | Fron 
on the Compressible bulent Boundary-Layer Sk f tion id eat - . . : t 
= pig batee Turbulent Boundary-Layer in Friction and Hea first is that the inlet forces act at the duct centerline at the sta ttac 


Transfer, Journal of the Aeronautical Sciences, Vol. 21, No. 6, pp. 404-410 
June, 1954 


2 Clarke, Joseph H., Menkes, Hans R., and Libby, Paul A., A Provisional 


tion of the inlet reference area; the second is that the air mass 
flow rate is independent of airplane attitude; and the third 1s 






Analysis of Turbulent Boundary Layers with Injection, Journal of the Aero that the airplane velocity is high enough so that the upwash an 
nautical Sciences, Vol. 22, No. 4, pp. 255-260, April, 1955 sidewash are independent of the inlet velocity ratio. The last 
Rubesin, Morris W., An Analytical Estimation of the Effect of Transpi assumption allows the approximation that the upwash and sid¢ 

CNS LNG 8 TNE TEE PREY OE Smee wveenene Careers SF 6 LOM wash, which normally are complicated functions of both airplan 


pressible Turbulent Boundary Layer, NACA TN 3341, December, 1954 7 5 7 ‘plat 
rs: ; ee attitude and inlet velocity ratio, depend only on the airplan 
‘ Mickley, H. S., Ross, R. C., Squyers, A. L., and Stewart, W. E., Heat ‘ 2 


Vass and Momentum Transfer for Flow over a Flat Plate with Blowing or attitude 


Suction, NACA TN 3208, July, 1954 = , TTY an és ) 
e = ea, Vi/V) = ea) = & + Cae 

Van Driest, E. R., On Turbulent Flow Near a Wall, Proc. of the 1955 > 
Heat Trans and Fluid Mech. Inst., pp. XII-1—XII 9, June 23-25, 1955. o = o(8, Vi/V) = o(8) = opps f 
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oS . 
+— ei 
a 9 =. & j Qs EXIT 
‘ t ~e 4 
1 =~ i. 2 a ? 
UG f Fp 
ffects of Va L 
S the pur - y) ~ - ‘ 
ind add 
ind to ¢ SROSS THRUST LINE 
Fic. 1. Turbojet engine geometry 
iXe 
From the inlet velocity vector diagram, Fig. 2, the velocity 
vector entering the inlet is 
r= —J/1 + tan*e + tan? (B+ ¢ x 
+ jtan(8 +o) +k tane 2 
The velocity vector for the flow in the inlet is 
= | —i1 COS (at @ + ksin(a +a = 
tho + j(hd + ly) — kl@ (3 
The inlet forces and moments are obtained from the momentum 
principle 
F = (pA:Vi)(V — VE 
j 
ae — \ 
G = — kh) X I 
Substituting Eqs. (2) and (3) into (4) and assuming e, 8, and o 
to be small, we obtain the vector components 
rag D = (p;A,I } Vileos € — cos(a ta — hé; 
ft ' piA;I , V; [sin e + sin(a +a — /6} 
e forces 
= —(9A-V +I sin 3+Ca + hd + ly; 3) 
rolling moment G, = hy} 
pitching moment G, = Ll + Dh 
wing moment G, =1lY 
a ; - i : 
Rewriting Eqs. (5) in coefficient form, we obtain 
AC = 2(MFR)(A;/S) \(Vi/V) [cos € — cos (a + 
a — he/V; 
AC, = 2(MFR) (A;/S) \(Vi/V) [sin € + 
sin(a +a — /6 Vi 
} ACy = —2 (MFR) (Ai/S) {(Vi/V) sin (8 + o) + 0 
hé/V + ly/V} 
AC = (j AC 
mie 7 €) ACz, + hi ACp 
AC = 1/b) ACy 
from Eqs. (6), we obtain the static coefficients at zero angle of 
the sta ttack 
ir mass 
third is | at) = 2(.\/FR) (A;/S) (1 V) (cos €& — cos a / 
ish and | ACL, = 2(.\FR)(A,;/S) (V;/V) (sin & + sin a (7 
‘he last AC 1/@)AC1, + (h/e) ACd \ 
id side static stability derivatives, 
irplan ‘ Soins 
irplan ACrg = 2( MFR) (A;/S) (Vi/V) (1 + € 
ACae = (l/@) ACia 
ACyg = —2(MFR) (A;/S) (Vi/V) (1 + og (8 
, ACiz = (h/b) ACyg | 
ACh 3 = (1/b ACyg 
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and the damping derivatives 


ACL, = —4(MFR) (A;/S) (1/ 

ACing = (//¢ ACL, 

ACy, = —4( MFR 4;/S) (h/t 

AC;, = (h/b) ACs o 
ACn, = (l/b) AC, ; 
ACy, = —4(MFR) (A;/S L 

AC; = (h/b) ACy, 

AC, = (1/b) ACy, 


All derivatives of the drag coefficient are considered to be negli- 
gible 
The 


appear to be destabilizing for an 


stability derivatives generally 
intake 


The increments in the damping derivatives 


increments in the static 
located forward of the 
center of gravity 
are seen to be of the same order of magnitude and, in general, 
somewhat larger than the Coriolis damping terms [Egs. (6), refer 
ence 1] and must be added to them to give the complete damping 
effect 


the ram drag coefficient, Cp, in reference 


At this point, it should be commented that the use of 
1 is equivalent to the 


use of the term 2(.17 FR) (A;/S) in this paper 
The power-on trim condition can now be formulated from 
Eqs. (7) and (8) as shown in Fig. 3 
Cr = Crla) + Cr(b6n) + ACL, + ACraa + 
Cr sin (a + a) = W cos S 
Cm = Crla) + Cr(bn) + ACm, + ACmeor 10 
e/&r¢ + hA/E\Cr = V0 
( = C)j(a, by) + ACp, + Cr — Creos(a + a) = 
—W sin y/qS 
where the functional relationships, C,  & and Cp ( 
allow for nonlinearities in the basic aerodynamic coefficients 


In these equations, the ram drag is assumed to act in the free 
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stream direction. The simultaneous solution of Eqs. (10) by 


trial and error yields the trimmed dynamic pressure (and, hence, 
trimmed velocity), the angle of attack, and the horizontal sta- 
bilizer setting 
REFERENCE 
’ Vetter, Hans C., Effect of a Turbojet Engine on the Dynamic Stability 


of an Aircraft, Readers’ Forum, Journal of the Aeronautical Sciences, Vol 
20, No. 11, pp. 797-798, November, 1953 


On a Matrix Characteristic Value Problem 


A. P. Hillman 
Department of Mathematics, Columbia University, New York 
September 19, 1955 


I> AN AERODYNAMIC PROBLEM! there arises the system 


> "1459; = (yi 4 } ” 1Ci9:) (j= 1, a (1 


where the d;; and c; are known constants with 


jee ~ —] 


One has to determine the modal values \ for which the system (1) 
has nontrivial solutions and for these \’s to obtain such solutions 

It will be shown that the system (1) reduces to the standard 
matrix characteristic value problem 


Dj iaie) = (= 1, 
under the substitutions 
= Fh Di Pedi G=1, , Nn) (3) 


= di; nag c,(1 v a > re (4,7 = i; 


rhere 5 = p ev .. 
where s = 2 ACh 


In matrix notation Eqs. (1), (2), (3), and (4) may be written as 
| i 


\ 


Dy = XI + C)y (1’) 
Az = Xs (3”) 
2 =(1+C)y 3") 
A =D{I — (1+ s)7C] (4’) 
where / is the identity matrix, D = (d;;), A = (a;;), and C = 


(c;;) with c;; = c; (i.e., all the rows of C are the same). 
Since Eqs. (1’) and (3’) imply that 


DI + C) 
it suffices to show that 
(7+ OQ7=7—(1+s)7°C 
We first notice that 


n oo Oe .. 
fp =z 1 Ck = kalOrei = SCG = SCi; 


This shows that C? = sC 


Our desired result now follows since 


+ Cll—-(+s)"C] = 


The characteristic value \ and the corresponding z’s may be 
found from Eq. (2) by standard methods. 
obtained from the relations 


yo = 2) —(1+s)7)0 0:2; CF Es pase) 


The y’s may then be 


REFERENCE 


’ Flexural Transients in Model Wing Following Vertical ‘‘Landing Impact” 
at Point below Center of Gravity, National Bureau of Standards Lab 65181 
PR1, BuAer TED NBS 2410, p. 8, June, 1946. 
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The Limiting Wall Temperature Ratios 
Required for Complete Stabilization 6 
Laminar Boundary Layers with Blowing 


Shan-fu Shen* and Jerome Persht 
Naval Ordnance Laboratory, White Oak, Md 
September 23, 1955 


Ts CONNECTION with a broad investigation of the effect of ma 
transfer on laminar boundary-layer characteristics, 
limiting wall temperature ratios required for complete stabiliza. 
tion of the laminar boundary layer with different blowing rates 
have been calculated. Although the critical Reynolds Numbers 
predicted by the laminar stability theory are different from th: 
transition Reynolds Numbers encountered in practice, they d 
serve to indicate the trends of transition Reynolds Number with 

parameters such as heat transfer and mass transfer 

For the present stability calculations, the following assum; 
tions, for which similarity solutions exist, were mad 

(1) The free stream is uniform with zero pressure gradient 

(2) The injected fluid is the same as that of the free strean 
(air, y = 1.4). 

(3) The Prandtl Number is unity and the viscosity is given by 
p/pwat = T/Twan 

(4) The wall temperature is constant 

(5) The blowing rate varies as (Re,)~!? 

(6) Only 
The computation method of Dunn and Lin! was used to comput 


two-dimensional disturbances are considered 
wall temperatures required for complete stabilization of the 
laminar boundary layer for several rates of blowing. The 
tabulated results of Emmons and Leigh? were used to obtain 
the boundary-layer velocity profiles necessary for the stability 
calculations. 

The results of the calculations are presented in Fig. 1, which 
shows the variation of the limiting wall temperature ratio 


* Consultant 
+ Physicist, Aeroballistic Research Department 


Also Associate Professor, University of Maryland 
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2.0 
neta rT LOW, NACA In this way he obtained the solution 
ving f(o)= 0 : Pr=0.72 = _ 


_ _ * 9 


u= —¢g, = (x/y)*,0 = —gy = —2/3(x/9 - 


In this note we want to point out that this solution also can be 
derived by a straightforward application of the concept of a 
simple wave solution of a set of hyperbolic partial differential 
equations . 


We consider therefore the equations 


Ct of mass 
istics, is as = Of 5 
} 
Stabiliza. d — = ot 
Wing rates , ; , 
=e pf equivalent to Eq. (1 The characteristic relations of Eq 
> Numbers w — } ; 
PF _ T. are easily found to be u!"du = +d: 
C from the 
ribs @ In a simple wave solution one of these relations is valid through 
, they d 


: 0.8 out the flow, which then can be mapped upon a single character 
mode It 2 = e - : 
a . istic in the u-v plane. We put therefore 






\ \ Substitution in Eq. (3) then yields the first-order equation 


\ = uo *u +u, = 0 5 


radient 


vestam | 04L- |! PRESENT 


| | RESULTS, 
S given by NOL, Pr=1.0 

















u=f(Z | 
- Z=(x — x) —u Ay — yh . 
0 | | | | | 1 \ where f is an arbitrary function. Together with Eq. (4) these 
onsidered 0 | 2 3 4 5 6 7 8 constitute the general simple wave solution of Eqs. (1) or (3 
) compute M It is to be observed that, according to Eq. (4), v is real only for 
n of the ” nonnegative u. In the region covered by this solution therefor« 
ing. The Fic. 2. Comparison between NOL and NACA results the differential equations are indeed of the hyperbolic type 
to obtain It is seen from Eq. (6) that the loci of the points with a given 
stability value for uw are straight lines, which are characteristics of the flow 
required for complete stabilization for a number of different From Eq. (4) it follows that v also is a constant on these lines 
1, which blowing rates. Due to the effect of blowing on the boundary- The solution (2), which is a centered simple wave analogous to 
ure ratio layer velocity and density profiles, the surface must be cooled to the Prandtl-Meyer solution of the nonlinear supersonic equations, 
lower temperatures as the blowing rate is increased in order to is obtained from Eq. (6) by putting f(Z) = 2%, xo = 0, yo = 1 
on obtain complete stabilization. An almost identical computation 
has been reported by Low® for a Prandtl Number of 0.72. A REFERENCES 
omparison between the results obtained herein and those of ' Morgan, A. J. A., On a Cl T'wo-Dime 1 Cha / 
reference 3 is given in Fig. 2. A comparison of the two sets of 8 sy i Acasa —— of the Aeronautical Sciences, Vol. 23, Ne. 5 
—— urves shows the effect of Prandtl Number. That the present “ ato Spee Re ae ee ree eee i 
ilculations should yield curves which are generally lower than Interscience Publishers, New York and London, 1948 
those of reference 3 is anticipated from the results given by Van 
Driest‘ for the effect of Prandtl Number on limiting temperatures 
ATE in the case of zero blowing. It is of particular interest to note as 
Ma that the trends of limiting temperatures with blowing are the 
same for Prandtl Numbers 1.0 and 0.72 The Buckling of Isosceles Triangular Plates 
Subjected to Combined Compression and 
REFERENCES Shear 
Dunn, D. W., and Lin, C. C., On the Stability of the Laminar Boundary 
yer in a Compressible Fluid, Part I, Dept. Math., M.I.T., December, 1953 Hugh L. Cox 
—T ?Emmons, H. W., and Leigh, D., Tabulation of the Blasius Function with Department of Engineering, University of Alabama, Huntsville, Ala. 
mapclay lgessedloy rusher epee el 


Low, George M., The Compressible Laminar Boundary Layer with Fluid 
jection, NACA TN 3404, 1955 FTENTIMES in swept-wing analysis it becomes necessary to 
‘Van Driest, E. R., Ca lation of the Stability of the Laminar Boundary 


in a Compressible Fluid on a Flat Plate with Heat Transfer, Journal of 





u 





determine the buckling strength of a triangular plate sub 


ee % jecte : ressive and shear loads. The cases of isosceles 
| the Aeronautical Sciences, Vol. 19, No. 12, pp. 801-812, December, 1952 jected to both compressive and shear | pad e cases of isosce 
| triangular plates subjected to pure axial compression, Fig. l(a 
and to compression on one side taken out by shear on the other 
? two sides, Fig. 1(b), have been treated previously by Cox and 
Klein.!. These two cases may be combined by the use of appro 
; ; ; . } y - > 7 7 
i . . priate interaction curves so that the more general case of com 
Simple Wave Solutions of the Transonic se 
E . bined compression and shear, Fig. l(c), may be treated 
quation 2 
An approximate form of the interaction curve may be taken as 
L. J. F. Broer Ne/Neer = 1 — (Ns/Nser)'? | 
‘aboratory for Hydro- and Aerodynamics, Technical University, where 
! ft, The Netherlands 
8 September 99 1955 N, = axial thrust in Ib. per unit length on the equal sides of 
the triangle shown in Fig. l(c 
T° A RECENT NOTE Morgan! applied the method of invariant Neer = critical axial thrust for the load condition shown in 
ympilete : ‘ ‘ , - 
F solutions to the normalized transonic equation Fig. l(a 


g. 
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(b) 


Load conditions considered. 


= axial thrust in Ib. per unit length on triangle base plate stiffness D = Et#/12(1 — vy? 326 Il n. The 

which is taken out by shear forces .V,, as shown in plate is to be loaded as shown in Fig. l(c ‘he value of Nyy ap. 

Fig. 1(b). Ns =(h/a) Nr, plied to the plate is 1,200 Ibs. per in., and it is desired to determine 

Nger = critical thrust Ns for the load condition shown in Fig the magnitude of Ne that may be applied additionally to the 
I(b). plate before buckling will occur 

The above interaction curve has a general shape similar to the i Firstly, Ns = (h/a) Nry = (1,200) (1.5) = 1,800 Ibs. per in 

corresponding portion of the interaction curve obtained by From Figs. 2 and 3 of reference 1, 

Wittrick? for the particular case of a right-angled isosceles tri Vecr = 30.5(D/h?) = 993 Ibs. per in 

angular plate. Nser = 88 (D/h?) = 2,860 Ibs. per in 

h/a = 1.0 


The values of Ne, and Nsg-, for triangles having simply sup ' 
. ; é ; AS j 800 
ported and clamped boundaries and for triangles having different = () 294 
> . ° as — 7 9 : 

values of h/a may be obtained rapidly from Figs. 2 and 3 of refer =, 500 
ence 1. , ’ 
: : : : From Eq. (1 

When the stress analyst is presented with the problem of de 
termining the buckling strength of a triangular plate loaded as Nc =N 1 — (0.6294)!-?] = (993) (0.426) = 423 lbs. per im 
shown in Fig. l(c), the quantities Ve, N;z,, and .V usually will be TI : V 03 | ; : ' i 
e a ' , ; ‘al . S r Nc > 423 lbs. per ac xy on the te in con- 
given. Firstly compute Ns = (h/a) N,, Then determine ; pes sor = s23 Ibs. per in bi — = = te ae 
N ind Ns-; from Figs. 2 and 3 of reference 1. For any value junction with Nzy = 1,200 Ibs. per in. the plate will buckle. 
4VC% « 4. Ser 5S. a 0 1CTC! 4 ‘ b ‘ 4 
of Ns < Nye, it may be desired to determine from Eq. (1) the R 
é “fe : nee : : EFERENCES 
magnitude of .V¢ that will be permissible before buckling occurs; i 
or, for any value of Ve < Nee, it may be desired to compute from 1 Cox, H. L., and Klein, B., The Buckling of Isosce Triangular Plates, 


Eq. (1) the value of Ns or N;, that wiil be permissible before Journal of the Aeronautical Sciences, Vol. 22 5 321-325, May, 1955. 
2? Wittrick, W. H., Buckli fa Right-Angled eles Tria ar Plate in 

, ‘ - ombined Compress and Shea er pendicular 1g¢ np Supported, 

angular plate with all edges simply supported that has a height ea ere vohiitddl : > Melbourall 


buckling occurs. For example: Consider an aluminum tri- 


h of 15 in. and a base 2a of 20 in. and a thickness ¢ of 0.2 in. The November, 1953 
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